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Scattering by a Periodically Apertured Conducting Screen* 


R. B. KIEBURTZ}, MEMBER, IRE, AND A. ISHIMARU{, MEMBER, IRE 


Summary—This paper presents a generalized variational method 
for calculation of equivalent-circuit parameters or scattering coeffi- 
cients of any thin obstacle. The equivalent susceptance is obtained 
from an eigenvalue of a general-energy operator. The method is ap- 
plied here to the scattering of a plane wave by a conducting screen 
containing a doubly-periodic array of square apertures. 

Previous variational formulations of analogous waveguide prob- 
lems were largely restricted to cases in which only the dominant 
mode can propagate. In applying these methods to scattering prob- 
lems, the ratio of aperture spacing to wavelength had to be restricted 
to less than unity at normal incidence so that no additional propagat- 
ing modes were excited. The formulation presented here can be 
applied, however, for any number of propagating modes. 

Numerical results are presented for scattering by a periodically 
apertured screen, giving scattering coefficients as a function of wave 
number of the incident wave. The distribution of energy into higher- 
order diffraction lobes is evaluated. 


I. INTRODUCTION 


HE introduction of variational techniques into 
electromagnetic theory by Schwinger! in 1945, 
provided a powerful new method for the evalua- 
tion of scattering by lossless obstacles in waveguides. 
Since that time the technique has been applied to the 


* Received by the PGAP, January 25, 1961; revised manuscript 
received, June 22, 1961. The research described in this paper was 
performed at the University of Washington, Seattle, under Contract 
No. AF19(604)-4098 with the Electronics Research Directorate, AF 
Cambridge Research Labs. 

t Dept. of Elec. Engrg., New York University, New Youk, Ne Yi, 

t Dept. of Elec. Engrg., University of Washington, Seattle, Wash. 

J. Schwinger, “Discontinuities in Waveguides,” M.I.T. Rad. 
Lab., Cambridge, Mass., unpublished notes; 1945. 


solution of many wavezuide problems? and has been | 
generalized by Levine and Schwinger!® to the solution 
of certain diffraction problems. 

It is the purpose of this paper to extend the varia- 
tional method to enable evaluation of scattering of. 
energy by a periodically-apertured screen into higher- 
order, off-center diffraction lobes. This evaluation has 
not been possible using previous variational formula- 
tions. It is shown here that the variational method 
arises from the properties of the eigenvalues of an_ 
energy operator, and that these eigenvalues are related 
to the equivalent admittance or impedance of a scatter- 
ing obstacle. 

The method is developed for scattering by obstacles 
in a waveguide, but it can be applied to any problem in 
which the waves can be characterized by an infinite set 
of discrete eigenfunctions analogous to the modes of a 
waveguide. For the problem of plane-wave excitation 
of an infinite, doubly-periodic structure, the period- 


2 N. Marcuvitz, “Waveguide Handbook,” McGraw-Hill Book Co., 
Inc., New York, N. Y.; 1948. 

3 L. Lewin, “Advanced Theory of Waveguides,” Iliffe, London, 
England; 1951. 

* H. Levine and J. Schwinger, “On the theory of diffraction by an 
aperture in an infinite plane screen (I),” Phys. Rev., vol. 74, pp. 958- 
974, October, 1948; (II), vol. 75, pp. 1423-1432. May, 1949. 

Ole Levine and J. Schwinger, “On the theory of electromagnetic 
wave diffraction by an aperture in an infinite plane conducting 


screen,” Commun. Pure and Appl. Math., vol. 3, pp. 355-391; De- 
cember, 1950. 
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rectangle of the periodic structure is analogous to the 
cross section of a waveguide. 


To extend the variational method to evaluation of 
mode coupling by apertures in either a waveguide or a 


_ periodic screen, a new set of propagating modes is de- 
fined which are uncoupled by the aperture. These modes 


are composed of linear combinations of the propagating- 
plane wave or waveguide modes. Scattering coefficients 
can be evaluated then for the uncoupled modes, and 
from these, the scattering coefficients for the original set 
of modes can be obtained. This method is applied to 


_ obtain results for multimode scattering by a plane screen 
~ containing a periodic array of square apertures. 


II. GENERATION OF THE VARIATIONAL PRINCIPLE 
FROM THE ENERGY OPERATOR 


Consider an electromagnetic field having time de- 


: pendence e’*' in a region of space V bounded by a sur- 


face S. Then from the Poynting theorem, the time- 
averaged energy entering the bounding surface is given 


by 
Ajo(Wn ~ We) + 2P = — f (EX Ti) de, (1) 
Ss 


where do is directed along the outward normal to the 
surface, and the asterisk denotes complex conjugate. 
The imaginary part represents the net difference in the 
average energy stored in electric and magnetic fields. 


_ Now if the region V is taken to be the interior of a loss- 
_less waveguide containing a source, then the surface 


integral will be nonzero only over the waveguide cross 
section, and considering propagation in the positive 
z direction, (1) becomes 


Ajw(Wa — We) + 2P = — iii (E X H*),dudy. (2) 
Now suppose there is a lossless obstacle, which may be 


conductor or dielectric, in the waveguide cross section 
at z=0 as in Fig. 1, and that the surface int gral is eval- 


Fig. 1—Geometry of an obstacle in a waveguide or a 
period rectangle of a periodic screen. 


uated at that point. The fields in the cross section will 
not now be the same as the field of the incident wave. 
They can, however, be expressed as an expansion in the 
wave functions of the orthonormal modes of the wave- 
guide. Denoting the unknown fields at the obstacle by @ 
and h, these expansions are at any fixed value of z 


e(a, y, Zz) = »E GraPmn\A; y)fmn(2) 


Fee De tele, DD Eea(2)- (3) 
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The summations are over two independent indexes since 
the modal function ¢m,(x, y) are solutions of a two- 
dimensional wave equation in a closed region. Since the 
modal functions of a lossless waveguide are orthogonal 
over the guide cross section, it would be possible to 
evaluate the coefficients in terms of the fields é and h if 
they were known. Since the coefficient an, are the same 
in the electric and magnetic field expansions, it is suf- 
ficient to evaluate them in terms of the electric field 
alone: 


ann = ff 4, Y)"Bmin y)dxdy. (4) 
c.s. 

The field functions @ and h are eventually to be put 
into the surface integral (2), and since only the z com- 
ponent of @Xh* is to be taken, it is sufficient to consider 
only their two transverse components. This implies no 
loss of generality since it is well known that two scalar 
potential functions are sufficient to specify a vector elec- 
tromagnetic field in an isotropic medium. From now on 
let 2, h, 6, YW denote only the transverse components. The 
transverse magnetic-field functions Ym, are now related 
to transverse electric-field functions én, by admittance 
coefficients Yn», derived from the Maxwell curl equations. 

Assuming the Y,, have been found, the Wm, are 
given by 

Vara z (5) 


If the expressions (5) for Ymn and (4) for @m, are sub- 
stituted into the expansion (3) for 4, then substituting 
the expansion for / into (2), one arrives at the form of 
the energy integral which generates the variational 
principle: 


Mia W a= Wy) IP 
jor( i: 6) 
) 


pin Hedi: x Vinn*[2(a, 9) X (de X Fmn* (a, y) 


‘ (Gain 5 y’) : e*(a', y’) | 3 a,dx'dy'dxdy : 


male x Oran Oo 


Before proceeding, however, it seems profitable to 
simplify the integral by use of a more elegant notation. 
First, the triple cross product can be expanded, simpli- 
fying the integrand of (6) to 

oa Ve eas y) "Orn Cb WV) ran y’) E(x, y"). 

The notation may be simplified further by taking 

Pmn* Omn to be a dyad, or second-order tensor, 


janes Vy; oe y") = Omne ss Vn & 5 y’) 


* * 
be Pmnz Pmnz ee (7) 
Oni, mas Onan Pairs 


From the matrix form of the tensor it can be seen that 
the tensor K,,, is Hermitian, or self-adjoint. This im- 
portant property will be used later. The tensor function 


K(x, 93.2", 9") =  Von*® K(x, 93 2,9’) (8) 


m,n 
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is then an example of the tensor Green’s function de- 
fined by Levine and Schwinger.**® With this notation, 
(6) simplifies to 


4jo(Wu — We) +2P = aii iller y) 


“K(x, y;0', y')-e*(a', y’)dx'dy'dxdy. (9) 
Now the tensor Green’s function K will not be Hermitian 
because the Yn,» corresponding to propagating modes 
will be real while those corresponding to evanescent 
modes will be purely imaginary. This fact, however, 
allows one to write K in terms of two Hermitian tensors, 


K = Ki—jK. (10) 
where K;, contains all of the modal functions for which 
Yn is real and K» contains all of those for which Vinn 
is imaginary. Since K, is Hermitian, the value of the 
operator in which it appears as the kernel must always 
be real and can therefore be associated with the power 


= =i) ibpe y) Ki (x, ¥; 0) 


dx'dy'dxdy. (11) 


Normalizing the stored energy term to the transmitted 
power, subtracting the power supplied by the source 
from both sides of the equation and dividing by j, (9) 
can be rewritten as 


— eos) ef iL fi es ¢-Ky-0*do'de 
fit Wate (12) 


This constitutes an integral operator equation in the 
unknown field @ at the obstacle. The quantity 
20(Wz—Wz)/—P is an eigenvalue of the equation. 
This equation has an infinite spectrum of discrete eigen- 
values and eigenfunctions @. To insure that the eigen- 
functions of (12) describe physically realizable electric 
field configurations, it is required that the vector func- 
tions é be continuous over the interior of the waveguide. 

To find the eigenvalues of (12) one has only to divide 
both sides by the integral appearing on the left in order 
to obtain the variational form 


2o(Wn — Ws) _ Wea ee 
a Se 


Since the eigenvalues are stationary with respect to first 
variations in the functions é about their correct values, 
one does not have to solve the integral equations for the 
eigenfunctions in order to determine the eigenvalues. 


-6*do'da 


(13) 
-é*do'de 
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It is necessary only to assume a trial function é and ~ 
substitute it into the variational expression (13) in order 
to obtain a close estimate on the value of the eigenvalue. 


This trial function is usually chosen such that it satisfies — 


boundary conditions on the obstacle or agrees with the — 
incident field. It will now be shown how the eigenvalues © 


may be interpreted physically and how bounds on the 
eigenvalues may be obtained. 


III. EQUIVALENT CIRCUITS FOR THIN 
PLANAR OBSTACLES 


For the case of thin, planar obstacles, the surface over | 
which the variational integral is to be evaluated is the | 


cross section of the waveguide containing the obstacle. 


eee Os 


Was 


If the obstacle is a perfect conductor, the tangential | 
electric field is zero on the obstacle and the surface inte- — 
grals reduce the integrals only over the aperture in the — 


plane. The fields of the evanescent modes are symmetri- 
cal about the plane of the obstacle; therefore, the energy 
stored in these fields is equally divided on both sides of 
the plane. 

An equivalent circuit representation is useful also in 


the case of an infinite periodically apertured screen ex- — 


cited by a plane wave. A transmission line model can 
describe the scattering. of plane-wave modes by such a 
screen equally as well as it describes scattering of modes 
by an obstacle in a waveguide. In the case of a periodic 
structure, the cross section over which the variational 
integrals are to be evaluated is the period-rectangle of 
the periodic structure. 

If only one propagating mode is considered, the effect 
of the obstacle can be represented by a shunt admit- 
tance across a transmission line. The shunt admittance 
jB of a lossless obstacle is related to the ratio of stored 
energy divided by the transmitted power by 


20(Wa — Wa) 
pe 


Since this is of the same form as the eigenvalues of the 
energy operator, these eigenvalues can be interpreted 
as equivalent susceptances of the obstacle. Since half 
the stored energy resides on each side of the obstacle, 
the variational expression (13) must be multiplied by 2 
to obtain the total susceptance. 

If the kernel K» of the integral equation is Hermitian, 
the eigenvalues obtained from (13) will all be real, cor- 
responding to pure susceptances. The infinite spectrum 
of discrete eigenvalues occurs in the following way: the 
kernel Ke is made up of an infinite sum of tensors each 
corresponding to a single one of the set of orthogonal 
modal functions. There will exist an eigenvalue By with 
a corresponding eigenfunction @) which is not orthogonal 
to any of the K,,,. This we may think of as the lowest- 
order eigenfunction corresponding to the physical solu- 
tion. However, there will also exist eigenfunctions @; 
which are orthogonal to one or more of the modal func- 
tions Km». These correspond to physical solutions only 


k 


when the incident field and the boundary conditions on 
the obstacle dictate their choice. 
If all of the Y,,, are of the same sign, the kernel K> 
will be either positive or negative definite. For a definite 
“kernel, the eigenvalues will be obtained as minimums 
of the absolute value of the variational integral. 
Clearly then, there is an advantage to obtaining Ke 
vin a definite ee But any kernel K, can be split into a 
Bositive definite and a negative definite part. 


Ki = ie aaa (14) 


ETthis division corresponds to grouping teas all of the 
BE mn for TM modes and all of the Km, for TE modes. 
“Since the two parts of the kernel are themselves Hermi- 
2 ‘tian kernels, they too have stationary eigenvalues which 
“are either all positive or all negative. These can be ob- 


tained by variational expressions: 


aff JUS Kxt-8*do'da 
Pf ff Rome 


an (Bp é —+@*do'da 


a 

i p= eee H 16) 
sf f if ip if 6 Ky-é*do'da 

A c.8. GiB! 


A If the kernels Kt and K>~ have any eigenfunctions in 
~ common, these also will be eigenfunctions of the com- 


ro | 


_ bined kernel K». In general, however, they will not have 


common eigenfunctions and the eigenfunctions of Ve 
“will be different from those of Ks+ and Ks. To obtain a 

" variational estimate of the fundamental eigenvalue Bo 
; of K» then, the same trial function must be substituted 
“into (15) and (16). The results of the variational calcu- 
“lations are then added: 


, Bee Boek Be. (17) 

; 

If a variable parameter is incorporated in the trial 

‘function @,, it can be determined for specific cases 

whether the stationary value of Bo corresponds to a 

“maximum or a minimum of the algebraic sum (17). 

Thus, the parameter can be adjusted to give the best 

estimate of susceptance even in those cases in which the 
total susceptance is not a positive or negative definite 
quantity. 

Eqs. (15)—(17) give a systematic variational method 
for accurately estimating the eigenvalue Bo of any 
Hermitian kernel Ko, or equivalently, for evaluating the 
scattering coefficients or the equivalent susceptance of 
a lossless obstacle in a lossless waveguide. The value 
of By is stationary and the eigenvalues of the kernels 
K>* and K2 provide bounds on the minimum absolute 
values of B*+ and B-, 


© 
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IV. STATIONARY PROPERTY OF THE EIGENVALUES 


A proof of the stationary property of the variational 
integrals will not be presented here since several proofs 
have already been given by other authors.'4 Actually, 
the stationary property is a consequence of the charac- 
terization of the equivalent admittance as the eigen- 
value of a Hermitian operator.® The eigenvalues of such 
an operator are all stationary with respect to first-order 
variations of the eigenfunctions about the correct 
values. 

The variational form and the stationary property of 
the eigenvalues are consequences of the characterization 
of the equivalent circuit parameters as eigenvalues of a 
Hermitian operator. Therefore, the only fundamental 
limitation on the class of problems which may be 
treated by a variational method is that such a Hermitian 
operator exists. The kernel of the operator is formed by 
means of a sum of orthogonal modal functions. Thus, 
the requirement which must be satisfied is that the fields 
must be able to be expanded in terms of a set of discrete, 
orthogonal modal functions. This corresponds to a 
physical requirement that the waveguide, or the media 
in which the incident and transmitted waves propagate, 
be lossless and at least asymptotically uniform in the 
direction of propagation. It does not, however, require 
that the obstacle itself be lossless or that only one mode 
be able to propagate. 


V. MULTIMODE SCATTERING 


It will now be shown how the variational method is to 
be applied to compute scattering coefficients if a finite 
number of modes propagate in the waveguide. The 
method can be used to evaluate the mode conversion 
produced by an obstacle in such a waveguide. Marcuvitz 
has obtained similar expressions for equivalent circuit 
parameters of obstacles in a multimode waveguide 
starting froma slightly different point of view.’ 

Possibly the most useful application of the method 
concerns itself not with waveguide propagation, but 
with diffraction of an incident field by an obstacle or an 
array of obstacles. Symmetries of the obstacle may 
make it possible to characterize the fields in terms of 
normal modes. In particular, for a periodic array of 
identical obstacles or apertures in a plane screen illumi- 
nated by a plane wave, the normal modes correspond 
to the spatial harmonics defined by the periodicity. The 
propagating modes are the incident and reflected plane 
waves and any spurious diffraction lobes which arise due 
to the periodic spacing. 

If there exist a number of propagating modes, they 
are in general not orthogonal with respect to the bounda- 


6 P. R. Halmos, “Introduction to Hilbert Space,” Chelsea Publish- 
ing Co., New York, N. Y¥-, 2nd eds, p. 595 195i: 

7N. Marcuvitz, “Representation, Measurement, and Calculation 
of Equivalent Circuits for W av eguide Discontinuities with Applica- 
tion to Rectangular Slots,” Polytechnic Institute of Brooklyn, 
Brooklyn, N. Y., Rept. No. PIB-137; 1949, 
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ries imposed by the obstacle. For instance, consider the 
obstacle to be a thin conducting iris, so that the tan- 
gential electric field is zero on the obstacle and finite 
only over the complementary aperture. Then the cou- 
pling between two propagating modes is proportional to 


ff bi Git do = dix. 


apert. 


(18) 


However, in order to obtain variational expressions of 
the form and with definite Hermitian kernels, the tensor 
K, must contain the wave functions of all of the propa- 
gating modes. The difficulty is that the interpretation of 


{fff Ky t*do'de 
apert. 


as the transmitted power requires that the coupling be- 
tween modes be known. The kernel K, must include the 
several wave functions in exactly the proportions in 
which they are coupled by the obstacle. Clearly there is 
no problem if the modes are uncoupled by the obstacle, 
for then all the power is carried by the same mode as the 
incident field, and only this wave function need be taken 
into Ki. 

Then the solution is to define a new set of mode func- 
tions for the propagating modes which are not coupled 
by the obstacle. If there are N of the normal waveguide 
modes which can propagate, define a new set of N 
modes by 


(19) 


The coefficients are to be determined by imposing the 
conditions of orthogonality over the aperture and nor- 
malization over the waveguide cross section, 


ff H+ t*do = Sixd it, ff “i; ado = 1, 


apert. 
where 6, is the Kronecker delta, one if =k and zero 
otherwise. The number of propagating modes N is pre- 
sumed to be finite, and the coefficients c,, may be ob- 
tained by the Gram-Schmidt orthogonalization pro- 
cedure.® 
It is now possible to write variational expressions for 
the scattering coefficients of each of the uncoupled 
propagating-mode functions #;. The Hermitian tensor 
representing the transmitted power in the %; mode 
will be 


(20) 


(21) 


where Y,*2,* means 


N 
ek z 
VO = 2 Ciel e Dk’ 


k=], 


(22) 


8 P. Morse and H. Feshbach, “Methods of Theoretical Physics,” 
McGraw-Hill Book Co., Inc., New York, N. Y., p. 928; 1958, 
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and Y, is the admittance coefficient of the normal ¢ 
mode. Upon substituting an appropriate trial functio 
into the variational expressions (15) and (16), one can 
obtain a stationary number B; which characterizes the 
scattering of each of the modes #; by the obstacle. AL 
though with several modes propagating, the B; no 
longer retain the significance of a simple equivalent: 
shunt susceptance on a transmission line, it is possible: 
to relate them in a simple manner ‘to. the voltage-. 
scattering coefficient of the #7; mode, } 
eee (23) 

2+ jB; 


In order to evaluate the scattered fields in terms of 
the normal modes of the waveguide, it is first necessary 
to invert (19) obtaining the normal modes in terms of 
the U;. ? 


N 
be = Do (™)aitls. (24) 


i=1 


This turns out to be very simple if the Gram-Schmidt | 
process has been used, since the matrix of the co- 
efficients cj, which it provides is triangular. Assume 
now that only the ¢; mode is incident, although this is | 
not a necessary restriction. Then the total fields in the . 
asymptotic region of the waveguide will be 


N 


E — ye 7812 = SS SixnPperek*, 


k=1 


(25) 


The scattered field amplitudes can be written in terms of — 
the r; by substituting for the ¢, from (24), giving 


# 
Sub = > (co) par stl. 


t=1 


(26) 


The incident amplitudes of the #; are related to the in-_ 
cident mode by (19) and the desired scattering co- 
efficients can be evaluated: 


N 
Si = >a (C)aeCsrre. (27) 


t=1 


Finally, it might be pointed out that while the fa- 
miliar variational expression for dominant mode sus- 
é- Grin Onn: é*do'de 


ceptance, 
m,n vm f ff apert,. 
an &: doo* hoo: é*do'da 


apert. 


remains stationary in both real and imaginary parts 
even when several modes propagate in a waveguide, the 
simultaneous minimization of both real and i imaginary 


ee 


m1961 


parts by variation of a parameter of the trial function 
/-may not be possible. Thus, the absolute value of the 
admittance may be approximated, but the relative mag- 
_nitudes of the real and imaginary parts may be difficult 
_to determine. The formulation given here obviates this 
difficulty, since the admittance of each of the uncoupled 
“incident” modes may be determined independently. 


VI. THE TENSOR GREEN’S FUNCTION FOR A 
DouBLy-PERtIopic ARRAY 


_ The variational method developed in the last section 
_will now be applied to the problem of the plane screen 
containing an infinite, periodic array of square aper- 
_ tures. Scattering coefficients of the screen can be evalu- 
4 ated by this method for each of the propagating plane- 
_ Wave modes excited by the screen. Although the related 
_ two- dimensional problem of transmission through an 
a infinite periodic array of slits in a screen has been 
treated by a variational method by Miles,®? and the 
transmission cross section of a single rectangular aper- 
ture has been obtained by Lucke,!° the angular distri- 
bution of energy was not evaluated. 

_ Consider an array of square apertures spaced at equal 
intervals a in both the x and y directions. With uniform 
_ excitation the electric and magnetic fields must then 
satisfy the periodicity requirements imposed by Flo- 
- quet’s theorem. For simplicity, consider normally in- 
- cident plane-wave excitation for which the phase shift 
between fields in adjacent apertures is zero. Then the 


' field may be written as a Fourier series in two 
~ dimensions: 
a(x, y, 2) = >D Emnei 2m™! a). ei @nt]a)ye—ymn, (28) 
myn 


- where 


( 2mm\? — (2nw\? 1/2 
eae 

| a a 

The terms of (28) for which y,, is imaginary corre- 


spond to propagating plane-wave modes for which the 
components of the propagation vector k are 


; 
2m , 
ke = = ksin@cos¢ 
a 
2nr : ‘ 
ky = =ksin@sing 
a 
2mn\? 2nn\* | 1/2 
Ree *) — (=) | oon: (29) 
a a 
, 
9J. W. Miles, “On the diffraction_of an electromagnetic wave 


through a plane screen,” J. Appl. Phys., vol. 20, pp. 760-771; 


A t, 1949. 
: mt W. W. Lucke, “Transmission Through a Rectangular Aperture 


in a Conducting Screen, » Stanford Research Inst., Stanford, Calif., 
Tech. Rept. No. 25; 1951. 
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The angle @ corresponds to the incidence angle between 
k and the normal to the plane of the screen; ¢ is the 
angle between the x axis and the projection of & on 
the x-y plane. 

Terms of (28) for which yn, is real correspond to 
evanescent modes whose fields attenuate exponentially 
with distance from their sources. The electric or mag- 
netic energy storage in these evanescent modes is that 
accounted for by the equivalent susceptance of the 
screen. 

In accordance with waveguide terminology it is con- 
venient to number the modes by the indexes m and un. 
It is also convenient to make the distinction between 
TE modes, which have no z component of electric field, 
and TM modes, which have no z component of magnetic 
field. For propagating modes, the TE modes are those 
with polarization of the electric field perpendicular to 
the plane of incidence defined by the normal to the 
screen and the propagation vector &. Propagating TM 
modes are plane waves with polarization parallel to the 
plane of incidence. The normally incident exciting wave 
isa TEM wave, with neither £, nor H,. 

One distinction between this problem and an analo- 
gous waveguide problem which must be noted is that to 
each Ymn there correspond four modes (for m, n, both 
nonzero) since m and m may take on both positive and 
negative values. In the cases of propagating modes, 
these correspond to plane waves scattered at angles +0 
and azimuthal angles +¢. 

The normalized transverse electric-field wave func- 
tion for TE modes is found to be 


dm nTE(X, y) 


nN m 1 : : 
= ARIF a, ef Qmm/a)rei Seaa ay (30) 
Vm? + n® vm +n 


and the TE-mode admittance coefficients are 


KYan 
kn 


(31) 


Ve ne 


Similarly, for TM modes the normalized transverse 
electric-field wave functions are 


( m ie n ) 1 
Din x = a (Oh ——————— 
Pnatoa(e, ¥ Vm + n? a/m? + n? “) a 
»giQmn/a)ngs(2nr/a)y (32) 
and the TM-mode admittance coefficients are 
qR 
VimnTM ea oy (33) 
Vmn 


These coefficients can now be used to construct the 
dyadic Green’s functions K,+ and K»*. Using the defini- 
tions (7), (8), and (10), these are found to be 
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n? —mn 
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To construct the dyadic function K,, all of the modes 
with imaginary Ym» must be included. In order to 
evaluate the scattering coefficients of these modes, how- 
ever, a new set of propagating modes will be defined 
which are orthogonal over the aperture. These are 
evaluated in Section VIII. 


VII. CHoIcE OF A TRIAL FUNCTION FOR THE 
APERTURE DISTRIBUTION 


The ability to choose an appropriate trial function 
for the aperture distribution has much to do with the 
success or failure of a calculation employing the varia- 
tional method. Because of the stationary property, there 
exists no formal way in which the estimate of the trial 
function may be made to converge to the true aperture 
distribution. 

Furthermore, a trial function which gives fairly ac- 
curate results at one wavelength may not be the best 
choice of trial function as the wavelength changes, since 
the true aperture field is not independent of wavelength. 
This dependence is most pronounced at wavelengths 
near a higher-mode cutoff as will be seen from the results. 
In spite of these difficulties, the great utility of the 
method is that it can be made to yield results for equiv- 
alent circuit parameters and scattering coefficients ac- 
curate enough to be extremely useful. 

Now consider the geometry of Fig. 2 in which the 
normally incident plane wave is polarized in the y direc- 
tion. In order to choose a trial function appropriate for 
square aperture of width d, consider the series of func- 
tions 


Efi ON EEN os 


which satisfy the boundary conditions on E, at the edge 
of the aperture for 7>0, k>1. If the aperture suscept- 
ance is to be evaluated for a range of wavelengths of the 
order of magnitude of the aperture dimensions, the effect 
of the singularity of the component normal to the edge 
of the aperture will be very small. Thus, the term for 
which 7=0 should be excluded as this function contains 
the singularity at the edge of the aperture. It should be 
pointed out also that although fields of finite energy 
may possess such singularities at knife edges, the Fourier 


Fig. 2—Periodically-apertured plane screen. 


series representation does not give the correct energy ex- 
pressions in such cases, since a function of the form — 
{ 1— (2y/d)?}—1? is not square integrable over the range 
of the aperture coordinates. 

An appropriate trial function to choose would then — 
be the leading term of the series above. 


bE CY 


pe — 10s 


Cy 


(37) 


With an incident wave polarized in the y direction, 
parallel to two of the edges of the aperture, the x com- 
ponent of the aperture electric field will be so small that 
it may be neglected. Upon substituting the trial function 
(37) and the Green’s functions for TM and TE modes 
(34) and (35) into the variational expressions (15) and 
(16) and evaluating the integrals, the positive and nega- 
tive definite parts of the susceptance for the lowest- 
order mode become 


( mrd\ \* nrd\ \ 
% i: J Ji =) 
a a 
Bt = 4 y Emn (38) 
m=0 Vmn mid nad 
n=0 Pp 2a 
mrd\ )? nrd\ \* 
Ymn a a 
B-=— 4 ys Emn BN a 39 
EG Rk mrd nird nee 
n=0 asa as 


2a 2a | 


where : 
1; m#0,n40,m¥n 
Ems = 1353 mM=Oorn=Oorm=n 
OS i=" 0: 


; The effect of other choices of trial function on the 
Byalue of the equivalent susceptance and the relation 
_ between this value and the values of the component 
Batts Br and B~ are discussed elsewhere.!! 

ae 


VIII. EvaLuaTion oF MULTIMODE SCATTERING 


_ Egs. (38) and (39) may be used to evaluate the 
equivalent susceptance of the screen for wavelengths 
sufficiently long that only the normally incident plane 
wave is scattered. To calculate the scattering coefficients 
of higher modes, a new set of modal functions which are 
orthogonal over the aperture must be formed by the 
~ procedure described in Section V. 

_ The variational expressions for the equivalent sus- 
_ ceptance of the screen to each of the uncoupled modes 
_ then can be written. The expressions are similar to (38) 
and (39), except that the summations no longer begin 
ie zero values of the indexes and are divided by finite 
sums representing the power carried by one of the un- 
coupled modes. 

= The susceptance expressions may be evaluated by 
_ taking a finite number of terms of the series and ap- 
_ proximating the remainder by integrals. The transverse- 
~ field scattering coefficients 5s», are then calculated from 
the susceptances, using (23) and (27). 

_ The amplitude of each scattered plane wave, repre- 
sented by a plane-wave scattering coefficient tn», is re- 


ye 


oh Bid 


- lated to the transverse-field scattering coefficient by 
4 

y 3 

. SmnYmn 

S trEmn = Smn COS Onn = ——— 

ve k 

iy) 

a Simn Sankt 

trMmn Ce eRe o (40) 
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For the incident mode, the transmission coefficient 
giving the amplitude of the incident wave transmitted 
_ through the screen is just 


| Ly? 
too = E ae S002 haat 2 es (t?-rEmn — asi) u (41) 


m,n 


, The transmission coefficients of the incident wave and 
the scattering coefficients of the higher-order modes are 


1 R. B. Kieburtz and A. Ishimaru, “The Variational Method for 

Evaluation of Scattering of Electromagnetic Waves by. Obstacles,” 

(II), “Scattering by a Periodically Apertured Conducting Screen, 
Dept. of Elec. Engrg., University of Washington, Seattle, Wash., 
Tech. Rept. No. 47; January, 1961. 
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plotted as a function of ka in Fig. 3 for fixed ratio of 
aperture width to spacing d/a =0.7. 

Several interesting features are to be noted. First of 
all, it is seen that the transmission coefficient of the in- 
cident wave undergoes a discontinuity at values of ka 


1.0 


COEFFICIENT Ith 
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Fig. 3—Plane-wave voltage transmission and scattering coefficients 
of a plane conducting screen containing a_ periodic array of 
square apertures. The ratio of aperture width to spacing is 
d/a=0.7. 


corresponding to the cutoff of a higher-order plane-wave 
mode. This results from the fact that energy stored in 
the field of such a mode for k below the cutoff frequency 
contributes to the equivalent susceptance of the screen. 
Above the cutoff frequency the higher mode does not 
present a reactive component to the equivalent admit- 
tance, but a real component. Since the relation between 
stored energy and propagating energy in the fields 
changes at this point, it is to be expected that the trans- 
mission coefficient may also change. 

Since the propagation constant goes to zero in chang- 
ing from a real to an imaginary value at cutoff, the 
modal admittance coefficient of a cutoff TM mode ap- 
proaches infinity. If the transverse electric-field ampli- 
tude of such a mode remains finite at the cutoff wave- 
length, the energy stored in this mode becomes infinite. 
Under such circumstances the equivalent susceptance 
of the obstacle will approach infinity and all of the energy 
will be reflected or scattered. It is interesting to note 
that this phenomenon has been observed experimentally 
with ruled diffraction gratings by Wood as early as 
L902: 

However, the range of frequencies over which the 
large increase in reflected and scattered energy occurs is 
exaggerated by the variational calculation. The as- 
sumption of a trial function for the aperture distribu- 
tion which is independent of frequency leads to a rather 
large error near a cutoff frequency, since the energy re- 
lations change rapidly in the vicinity of such a point. 


122. R, W. Wood, “On a remarkable case of uneven distribution of 
light in a diffraction grating spectrum,” Phil. Mag., vol. 4, pp. 396— 
402, September, 1902. “Diffractive gratings with controlled groove 
form with abnormal distribution of density.” Phil. Mag., vol. 23, pp. 
310-317; February, 1912. “Anomalous diffractive gratings,” Phys. 
Rev., vol. 48, pp. 928-936; December, 1935. 
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Thus, the value of the variational expression for the 
susceptance becomes much more sensitive to the choice 
of a trial function. At such values of frequency an ac- 
curate estimate of the scattering is very difficult to 
achieve. 

The sudden dip in transmission coefficient of the in- 
cident mode which occurs around ka = 10.0 is not due to 
proximity to a higher-mode cutoff. This is a different 
phenomenon which occurs when the directions of the 
off-center diffraction lobes coincide with a strong max1- 
mum of the radiation pattern of a single aperture. At 
this point, very little of the energy incident is reflected 
in the normal plane-wave mode in contrast with the 
singular points which occur at cutoff frequencies. In- 
stead, most of the energy is scattered into off-center dif- 
fraction lobes which radiate from both sides of the 
screen. 

The second point to notice from these calculations is 
the resonance phenomenon associated with the array 
of square apertures. This is not found in the two- 
dimensional problem of an infinite array of slits in a 
conducting screen; it occurs only with apertures of 
finite size. One interesting implication of the resonance 
of the periodic array is that at resonance, the incident 
wave is transmitted without coupling to any higher- 
order modes. This result is apparent from the formula- 
tion and does not depend on any assumption concerning 
the aperture distribution. 

Although the effect of varving angle of incidence of 
the exciting wave has not been considered here, there is 
no fundamental reason why it cannot be. The problem 
is complicated considerably, however, so that calcula- 
tions would become quite tedious. Since degeneracies 
are removed, more distinct terms appear in the series 
expressions for admittances, and more critical values 
of ka occur in a given range. 


4 
IX. CONCLUSIONS i 

The variational method for evaluation of scattering 
by periodic planar obstacles or by planar obstacles in} 
waveguides has been formulated from consideration of 
the eigenvalues of an energy operator. It has been shown | 
that a variational formulation should be possible for any | 
problem in which the field functions can be expanded in| 
a set of orthogonal modal functions. 

Using this formulation, the variational-method has | 
been extended to enable evaluation of coupling of | | 
energy from a single incident mode into several propa- | 
gating modes coupled by an obstacle. This has been — 
applied to the specific problem of scattering of plane | 
waves by a conducting screen containing a doubly- 
periodic array of square apertures. | 

Several interesting phenomena are predicted by the | 
evaluation of scattering by an infinite periodic structure. | 
One of these is the large discontinuity in scattering and 
transmission coefficients as functions of wave number k © 
which occurs whenever a critical value of k is approached © 


at the transition of a TM mode from an evanescent toa _ 


propagating state. 
Another phenomenon predicted by the variational 
calculation is the occurrence of a resonance at a value 


of k somewhat below the cutoff of a higher mode. This 


resonance results in complete cancellation of the specu- ~ 
lar reflection of the incident wave by the conducting 
part of the screen, and is not to be confused with the 
aperture resonance which can occur as a maximum of 
the transmission cross section of a small aperture at a 
wavelength approximately equal to the aperture cir- 
cumference. From the form of the variational expres- 
sions, it is seen that the coupling of energy into higher- 
order diffraction lobes should also go to zero at such 


resonant points, and the incident wave should be trans- 


mitted through the screen without being scattered. 


5 Summary—The reaction theorem is generalized to allow the fields 
_ of an antenna in one environment to be employed in calculations 
_ of mutual impedance in another environment. 
re Several expressions for self-impedance and mutual impedance 
_ are presented. These are in the form of surface integrals or volume 
integrals of the field intensities or the current density. It is shown 
% how the fields of an antenna in free space can be useful in calculat- 
ing the impedance in the presence of scatterers. 


INTRODUCTION 
BS etal tote in theorems are among the most 


useful tools in field and circuit problems, ranking 
“ with the superposition theorem and the equiva- 
lence theorems. It is convenient to classify the reciprocity 
' theorems into three types: pure circuit, pure field, and 
_ mixed. The pure circuit form 


Voli = Vailas (1) 


- developed by Rayleigh for networks of lumped elements 
é was extended to antennas by Carson [1]. It applies to 
_a pair of antennas only if each antenna has suitable 
e terminals where voltage and current can be defined. 

__ A theorem of the second type (pure field) involving 
 electric- and magnetic-field intensities was derived by 
_ Lorentz [1] in the form of the surface integral 


=e | (Ei X A, — E,X Hi)-ds 
& Sy 


= it (E. X Hi — E; X H2)-ds, (2) 
an Se 
where surface 5S; encloses antenna 1 and S» encloses 
- antenna 2. (Subscripts indicate the source of the field. 
For example,’ Z; represents the electric-field intensity 
set up by antenna 1.) Carson [1] also presented a pure- 
field theorem in the form of a volume integral involving 
electric-current density and electric-field intensity, 


Ji: Eedv — Jo: Edt, (3) 


V1 Vo 


where volume V; includes antenna 1 and V2 includes 
antenna 2. Since terminal currents and voltages are not 
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A Reaction Theorem and Its Application to 
Antenna Impedance Calculations* 
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involved, these pure-field theorems apply even when no 
suitable terminals exist. 

Rumsey [2] has given the name “reaction” to the 
quantity represented by the integrals which appear in 
the reciprocity theorems of Lorentz and Carson and has 
proposed the symbol (1, 2) for the integrals on the left 
side in (2) and (3). In this terminology, the reciprocity 
theorems of Lorentz and Carson state that the reaction 
of antenna 1 on antenna 2 is equal to the reaction of 
antenna 2 on antenna 1. 

Kouyoumjian [3] has developed an expression for the 
voltage or current induced in one antenna by another 
in terms of the reaction. This reaction theorem states 
the quantity on the left side in (1) is equal to the nega- 
tive of the quantity on the left side in (2), that is 


Viola = — (1, Die (4) 


This important relation was also pointed out by Rumsey 
[2]. It is valid under conditions more general than those 
required for reciprocity, as will be shown. However, if 
the conditions for reciprocity are satisfied, this reaction 
theorem (4) can be combined with any one of the “pure” 
reciprocity theorems given above to obtain a reciprocity 
theorem of the “mixed type.” Circuit quantities (voltage 
and current) appear on one side of the equation, while 
field quantities appear on the other side. 

In this paper a generalized form of the reaction 
theorem is presented, and equations are derived from it 
for the mutual impedance of two antennas. Expressions 
for self-impedance are derived by similar methods. 

In most equations from physics all of the quantities 
involved in a given equation are understood to relate to 
a common situation. For example, Newton’s second 
law relates the force acting on a body, the mass of the 
same body, and its acceleration, all at the same instant 
of time. On the other hand, each of the reciprocity and 
reaction theorems brings together quantities from dif- 
ferent situations into a single equation. In the most 
familiar versions of these theorems the two situations 
differ only in that a battery and an ammeter have 
traded places in a network. In the generalized versions 
of these theorems developed herein some portions of the 
environment or network are considered to change when 
the source and observer trade places. Although this may 
seem confusing the mental effort is rewarded in the form 
of expressions which show how the fields of an antenna 
in one environment may be employed in calculations of 
impedance in another environment, 
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GENERALIZATION OF THE REACTION THEOREM 


The concepts involved in the generalized reaction 
theorem can be introduced by means of the correspond- 
ing network theorem. Consider the two passive networks 
in Fig. 1. In antenna terminology, network 1 is trans- 
mitting and network 2 is receiving. The voltages V and 
Vor and the current J for this situation are defined in 
Fig. 1. Now let network 2 transmit with terminal cur- 
rent Jo.’ into a new impedance Z’ as in Fig. 2. The 
voltage V’ and currents Jo.’ and J’ for this situation are 
defined in Fig. 2. The current generators J; and 29’ are 
assumed to have the same frequency. 

If the reciprocity theorem applies to network 2 (but 
not necessarily to network 1), it can easily be shown 
that 


Vigkse= Vil = VT (5) 


Since Voi and Je.’ are independent of Z’, both sides of 
(5) must also be independent of Z’. This is true even 
though each of the two terms on the right side are de- 
pendent on Z’ through V’ and J’. As an example, sup- 
pose network 2 consists of three resistors as in Fig. 3, 
and let J be 2 amperes and Jy’ 1 ampere. Then obvi- 
ously V is 8 volts and V2, is 4 volts. The solutions for 
three values of Z’ are tabulated below: 
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Fig. 1—First situation: Network 1 transmits, 
network 2 receives. 


Passive, Linear 


Bilateral Network 
2 


Fig. 2—Second situation: Network 2 transmits 
into a new impedance Z’, 


Fig. 3—An example to illustrate the network version 
of the reaction theorem, 
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In each case the quantity V’7—VI’ is equal to four, 
which is also the value of Voi’ and the “reaction of © 
network 1 on network 2.” 

This network theorem (5) is not widely used, partly 
because it is not well known. It is applicable to trans- : 
mission-line problems and ladder networks. The quan- 
tity V’I— VI’ is independent not only of the impedance 
Z’', but also of the point along the network or transmis- 
sion line at which the theorem is applied. ~~ 

This network theorem should pave the way to an 
understanding of the corresponding field theorem, 
which is presented next. 

Consider the situation shown in Fig. 4 in which an- 
tenna 1 is transmitting, setting up the field (E,, H;) and 
inducing a voltage V2 at the open-circuited terminals 
of the receiving antenna (antenna 2). The environment 
“seen” by antenna 1 may be described by the complex 
permeability 4 and permittivity ¢, and it includes the 
structure of antenna 2 (with terminals open circuited). 
The medium need not be homogeneous. 

In the usual reciprocity-theorem derivations, the roles 
of the two antennas are reversed at this point, and an- 
tenna 2 is considered to transmit while antenna 1 re- 
ceives in the same environment (u, €) as before. On the 
contrary, consider the fields (E,’, H»’) of antenna 2 
transmitting in a new environment (y’, e’) which does 
not necessarily include the structure of antenna 1. (How- 
ever, let uw’ =p and e’=e within the regular surface Se 
enclosing antenna 2.) This situation is depicted in Pigs ae 

Now, as shown in Appendix I, these quantities are 
related as follows:! 


Volo.’ = — (E' X Hi — E, X H,’)-ds. (6) 


So 


na NN 

Fae I Vo \ 

n~< | 

I ] 

2 'S <1 EH, \Antenna 2 7 
| N a 


_—_—— — 


\ 
. Antenna | J Se 


S-=——> 


Fig. 4—First situation: Antenna 1 transmits, 
antenna 2 receives. 


E2H2 ! 


I'g9 | 
\ Ss 
\ Antenna 2 2 


_-—-— 


Fig. 5—Second situation: Antenna 2 transmits 
in a new environment. 


* Eq. (6) and many of the other results presented in thi 
are derived in J. H. Richmond, “On the Theory of Seater ae 
Dielectric and Metal Objects,” Ohio State Univ. Res. Foundation 
Columbus, Ohio, Antenna Lab. Rept. 786-3; April, 1958, 
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Eq. (6) is a generalization of the reaction theorem. The 
usual time dependence e* is understood. It is assumed 
that all media are linear, the permeability and permit- 
tivity are independent of time, and antenna 2 is con- 
structed of isotropic media. (The other media are not 
necessarily isotropic.) It is assumed that the feed system 
of antenna 2 has a section of perfectly shielded wave- 
guide or transmission line, and that only a single mode 
exists at some point on the feed. The antenna terminals 
_are chosen at such a point, and J22’ represents the cur- 
rent there when antenna 2 transmits (Fig. 5). 

The incremental area ds in (6) has a vector direction 
normal to the surface S. and away from antenna 2. 
After using (6) to calculate the voltage Vo: induced 
at the open-circuited terminals of antenna 2, Thevenin’s 
theorem may be employed to determine the terminal 
voltage for any other load impedance. 

Perhaps it should be emphasized here that the volt- 
age V2: in (6) is the induced voltage in tke original situa- 
- tion shown in Fig. 4, zot in the new environment of 
Fig. 5. If a constant-current generator is employed when 
antenna 2 transmits, the current Js.’ will be the same 
regardless of the environment in which antenna 2 trans- 
mits. Then the left-hand side of (6) is independent of 
the new environment, and so must also be the integral 
on the right hand, even though the integrand does de- 
pend on the new environment. (The difference inte- 
grates to zero.) 

Thus, although the field (E,’,H»2’)depends on the 
environment in which antenna 2 transmits, the integral 
in (6) is invariant with respect to changes in this en- 
vironment. Therefore, the environment (u’, e’) may be 
chosen to represent any convenient situation such as . 


1) free space, 

2) the same environment into which antenna 1 trans- 
mitted, 

3) as perfectly conducting metal shell on S», or 

4) an extension of the structure of antenna 2. 


* In the last case listed, where the environment is chosen 
to be an extension of the antenna structure, the general- 
ized reaction theorem shows some similarity to the induc- 
tion theorem of Schelkunoff [5]. 

The transmission formula of Friis [6] and the re- 
ceiving antenna-sensitivity formula of Levis [7] can be 
derived from (6). These formulas apply only in the far- 
field case (where antennas 1 and 2 are far apart), 
_ whereas (6) does not have this restriction. 

The analysis can readily be extended to the case 
where two or more modes can exist at the terminal sur- 
face of antenna 2. In this case, it is convenient to use the 
set of orthogonal modes of the waveguide or trans- 
mission line, letting Veen’ and J2’ represent the voltage 
and current for mode » when antenna 2 transmits. If 
Von and Join denote the received voltage and current 
for mode 2 when antenna 1 transmits, it can be shown 
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that the more general form of (6) is 


> (V aint 20n' rae TeinV 22n') 


ate (E' X H, — E, X Hy')-ds. (7) 


So 


MuTuAL IMPEDANCE OF Two ANTENNAS 


The mutual impedance Z2; between antennas 1 and 2 
in the environment (y, ¢) illustrated in Fig. 4 is 


Za = Voi/Tiu = 


—1 
.f (E,’ x jal = Ey x H,’) -ds, (8) 
114 22 S 


2 


where Jy; is the terminal current of antenna 1 when it 
transmits. Eq. (8) follows directly from the reaction 
theorem (6). 

It will be recalled that (Z;, H:) represents the field of 
antenna 1 transmitting in the presence of antenna 2 with 
its terminals open circuited. With the aid of Thevenin’s 
theorem it can be shown that a factor (Z+Z2)/(Z+Z.’) 
must be inserted in front of the integral in (8) in the 
more general case where (£;, H:) represents the field 
with an impedance Z across the terminals of antenna 2. 
Here Z, and Z,' represent the input impedance of an- 
tenna 2 in environment (y, e) and (w’, e’), respectively. 

If the conditions for reciprocity are satisfied, (8) yields 
the mutual impedance Z1., as well as Zo. To insure 
reciprocity, it will suffice if the two antennas are of 
finite dimensions and a finite distance apart, all media 
are linear and isotropic, and the medium is homogeneous 
outside an imaginary sphere of finite radius. 

In some cases the fields of an extended antenna are 
known, whereas those of the corresponding truncated 
antenna are not. Examples include horns and biconical 
antennas. Eq. (8) permits the use of the known fields of 
an extended antenna in calculating the mutual imped- 
ance for a truncated antenna. 

If a perfectly conducting metal shell is assumed on S2 
for environment (y’, e’), the first term in the integral 
in (8) will vanish. Letting J2=—n XH)’ represent the 
electric-current density induced on the shell by antenna 
2, (8) reduces to 


F Jo: Exds. (9) 

11f22 Y So 
Eq. (9) is particularly convenient in mutual impedance 
calculations when one of the antennas consists of a 
waveguide or cavity perforated with holes or slots. Let 
the perfectly conducting surface S» coincide with the 
metal surface of the antenna plus the apertures formed 
by the holes. Then the integral in (9) vanishes except 
in the holes, since the tangential components of Ei 
vanish on the metal. Furthermore, the current J» will 
in many cases be a simple known function, since it is 
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the current on the inside walls of the waveguide or 
cavity when the holes are covered with conductor. 

The divergence theorem and Maxwell’s equations can 
be employed to obtain another expression for mutual 
impedance from (8), 


Za = (Jo Ey = K,- H;)d2, (10) 


Iy:T22 Vo 


where Jz and K, are the densities of electric- and mag- 
netic-source current, and V» is the volume within S». 
Since magnetic current does not exist in realizable 
sources, the term K2-H; may be omitted. 

For an aperture antenna such as a horn or paraboloid, 
it is convenient to choose S» to coincide with the outer 
surface of the antenna plus the aperture. Then the inte- 
grand in (8) vanishes everywhere on SS», except on the 
aperture. 

Although (8) is suitable for aperture antennas, it is 
dificult to apply to cylindrical-wire antennas. The dif- 
ficulty arises from the fact that the integrand vanishes 
everywhere on the antenna surface, except where S» 
crosses the terminal gap. This problem also exists with 
the induced EMF formulas for self- and mutual im- 
pedance [4], [8]. The following expression, derived in 
Appendix II is more convenient for cylindrical wire 
antennas: 


Zn = (E, X Hy — Ey’ X H2)-ds. (11) 


1192/7 85 


Eq. (11) is the same as (8), except that the environment 
(u’, e’) has been chosen to be the same as (u, €), and the 
field of antenna 1 has been replaced by its incident 
component. 

Eq. (11) is convenient even when S, coincides with 
the perfectly conducting metal surfaces of a cylindrical- 
wire antenna. In this case the first term in the integral 
vanishes, with a possible exception where .S» crosses the 
terminal gap. The second term, however, does not van- 
ish because it involves the incident field rather than the 
total field. The surface current J, on the metal can be 
introduced in place of nXH» to obtain the following 
result: 


1 
Jo: Exids. 
Ti11 09 {t 1 


SELF-IMPEDANCE 


Z21 = 


(12) 


Consider an antenna transmitting in some environ- 
ment (u, €), and let (EZ, H), V, J, and Z represent the 
field, the voltage, the current, and the impedance, re- 
spectively. Now let the antenna transmit in a new en- 
vironment (u’, e’) with field (E’, H’), voltage V’ and 
impedance Z’. If the current J is adjusted to be the same 
in both cases, and if the “scattered voltage” V, is 


defined by 
a 


v' — J, (13) 
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then the impedances are related as follows: 
Z=Z + V./I; (14) 


Letting the two environments coincide (u’=yu and 


e’=e) within a surface S which encloses the antenna, a 


useful expression for the impedance is 
1 
Z=Z4+ Zi (E’X H—EXH’)-ds. (15) 
Ss 


The derivation will not be given here, since it is similar 
to that in Appendix I. 


It is possible to let the environment (y’, e’) represent | 


an extension of the antenna structure. In this way, (15) 
and some of the other impedance expressions in this 
section can be used to calculate the change in impedance 
associated with an increase or decrease in the length of 


an antenna. Furthermore, the impedance of a truncated | 


antenna can thereby be related to the impedance of the 
corresponding complete antenna. This procedure would 


be particularly convenient for antennas of simple geome- 
try (such as horns and spheroidal antennas) where the _ 


impedance and fields of the complete antenna are known. 

If the antenna is a waveguide or cavity which is per- 
forated with holes or slots, it will be convenient to let 
surface S be the metallic outer surface of the antenna 
plus the aperture surface of the holes. A perfectly. con- 
ducting metal shell may enclose the antenna for en- 
vironment (u’, €’), in which case the first term in the 
integral in (15) will vanish. In terms of the current 
density J’= —n XH’ induced on the inner surface of the 
shell, (15) can be written in the form 


1 
z= 7-—f ’. Eds. 16 
A (16) 


It is sufficient to integrate over the holes, since the 
tangential components of E vanish elsewhere on S. In 
many cases, Z’ and J’ will be known quantities, namely, 
the impedance and current density of the cavity or 
waveguide with no holes. Eq. (16) allows these to be 
employed in the calculation of the impedance Z with 
holes. 

Suppose the two environments coincide everywhere 
except within a finite region called the “scattering 
region” enclosed by surface S,. Then an alternative ex- 
pression for the impedance is 


1 
ee z-—f[ (E'XH-EXH’)-ds. (17) 
Ss 


Eq. (17) can be derived from (15) by using the radiation 
conditions to show that the integral vanishes on an in- 
finite sphere, using Maxwell’s equations to show that 
V -(E'XH-—EXH’) vanishes at each point outside S$ 
and S,, and using the divergence theorem. 


N ovember. 
1 
: 


» 
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Antenna impedance can be expressed in terms of a 
volume integral by using (15), the divergence theorem, 
and Maxwell’s equations. The result is 

1 
iw ae = fue — K-H*)do, (18) 
TENA 
where V represents the antenna region which is enclosed 
by surface S, J and K are the densities of electric and 


magnetic source current? and (E*, H*) is the scattered 


_ field defined by 
| E?=E'—E 
H = H! — H. 


(19) 
(20) 


Another expression can be obtained in a similar 
manner by starting with (17) 
‘ ja) 
pe 


7p le — EE Wl =H Hd, 
Vs 


(21) 
where JV, is the scattering region enclosed by surface 5. 
If environment (y’, e’) includes a perfectly conducting 
metallic body which fills the “scattering region,” (17) 
reduces to 
1 
eae et kT. Beds: (22) 
PJs, 
where J’ is the current density induced on the conduct- 
ing surface. The conducting body in the scattering 
region can be arranged as an extension of a cylindrical 
‘wire as in Fig. 6. In this way, (22) expresses the change 
in impedance associated with a change in the length of 
such an antenna. The integral in (22) has the same 
form as that appearing in the induced EMF method, but 
the integrand does not vanish on the surface of inte- 
gration. 


Antenna Extended Antenna 


Fig. 6—Cylindrical wire antennas illustrating an 
application of (22). 


CONCLUSION 


The reaction theorem has been generalized to allow 
the fields of an antenna in one environment to be em- 
ployed in calculations of mutual impedance in another 
environment. For example, the known fields of an in- 


2 It is assumed that the currents J and K are held constant when 
_ the environment is changed from (un, €) to Griseen)e 
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finitely long horn can be used in calculating the mutual 
impedance between a truncated horn and another an- 
tenna. As another example, this formulation permits the 
known current on the inside of a waveguide to be used in 
calculating the radiation from an antenna consisting of 
a waveguide with holes or slots. 

In some cases it is advantageous to let the two en- 
vironments be the same. If this is done one of the fields 
involved in the mutual impedance equation can be re- 
placed by the incident field. This avoids the difficulty 
which arises in the induced EMF method, where the 
integral vanishes over perfectly conducting portions of 
the antenna. 

Several expressions are presented for the self- 
impedance of an antenna. They permit the known fields 
and impedance of a “complete antenna” to be used in 
calculating the impedance of the corresponding trun- 
cated antenna. 


APPENDIX | 
A GENERALIZED REACTION THEOREM 


Antenna 2 may be constructed partly of dielectric and 
partly of metal, as suggested in Fig. 7. Any conductivity 
in the dielectric portions will be accounted for by letting 
mw and e be complex. Maxwell’s equations for the fields 
within S2, but excluding the “source region” shown in 
Fig. 7, are 


VX & = — jou, (23) 
VX M = jweki, (24) 
VX Ey = — jouHy’, (25) 
V X Ay! = jweE’. (26) 


Source 
Region 


Fig. 7—A metal horn with a dielectric lens, illustrating the 
surfaces employed in the derivation. 


From (23)—(26) and a vector identity, it can be shown 
that 


V:-(E, X Hy,’ — Ex) X A) = 0. (27) 
The reaction of antenna 1 on antenna 2 is 
(2,1) = | (Ey X Hi— Ei X Hy’) -ds. (28) 


So 


Eq. (28) is simply a definition of reaction; it differs 
slightly from the standard form in that the two fields 
which are involved in the integral are for different en- 
vironments. The divergence theorem and (27) allow the 
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surface of integration in (28) to be changed from S2 to 
Sm-+Sr (see Fig. 7). Furthermore, the integral on the 
metal surface Sm vanishes if it is assumed to be perfectly 
conducting, since E, and E»’ are normal to this surface. 
This leaves only the integration over the terminal sur- 
face Sr. 

Letting subscript “¢” denote tangential-field compo- 
nents on the terminal plane, the voltage and current are 
defined as follows when antenna 2 transmits [9]: 


(29) 
(30) 


Vove 


To0'h. 


/ 
E>, 


and 
Hi; 


The vector-mode functions are related by 
fh nce (31) 


and they are normalized by letting 


f e-eds = 1. 
Sr 


The voltage and current induced at antenna 2 when 
antenna 1 transmits are defined in a similar manner by 


(32) 


Ey, = Vue (33) 
and 
Th = ole. (34) 
Eqs. (29)—(34) can be used to reduce (28) to 
(2,1) = Voo'Ior — Vail og’. (35) 


The received current J; is zero, since the terminals 
are assumed to be open circuited when receiving. There- 
fore, (35) becomes 


VorT 29! 


ge. (2,31); 


This leads directly to the “reaction theorem,” (6). 


(36) 


APPENDIX II 
MUTUAL IMPEDANCE IN TERMS OF THE INCIDENT FIELD 


Let the field (£2, H2) be the field of antenna 2 when 
transmitting with current J. in the environment (y, 6), 
which includes the structure of antenna 1.3 The field of 
antenna 1 in this same environment is resolved into in- 
cident and scattered components by means of the fol- 
lowing equations: 


E, = E;'+ Ei (37) 


§ To be more specific, let (E2, Hy) be the field of antenna 2 in the 
presence of antenna 1, the generator across the terminals of antenna 
1 being replaced by its internal impedance. 
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and 


H, = Hy + Hy’. (38) 


To complete the definition of these fields, Maxwell’s | 
equations for the incident and scattered fields are given: 


ice site, Eee ~ (39) Oh 
ae | within S. (3) a) 
VX Ey = — joy (40) 
Lees , 41) 
USeort!: oe ; \ outside S2. 
VX Et = — jopH') (42) 


Eq. (11) can be derived by starting with (8) and 
using (37) and (38) to split the integral into one involy- 
ing the incident field and another involving the scat- 
tered field. The integral of E,XHi?—Ey°XH»2 on a 
sphere vanishes as the radius goes to infinity in view of 


the radiation conditions. (Antenna 2 is assumed to be 


of finite dimensions, and the medium outside a finite 
sphere is assumed to be free space.) The integral on the 
infinite sphere can be expressed via the divergence 
theorem as a volume integral of V - (£2. Hi'— Ey? X He). 
Maxwell’s equations can be used to show that this inte- 
grand vanishes at each point outside S». It follows that 


the integral of E, xX Hi* — Ei* X H2 on S2 is zero, and (11) © 


is established. 
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Single-Channel Direction Finding in a Multicomponent Field* 


W. M. SHERRILL, memper, tre, AND D. N. TRAVERS, MEMBER, IRE 


Summary—On the basis of theoretical argument and experi- 
mental results, the capability of a single-channel spinning-loop direc- 
tion finder to resolve the directional components of a multicomponent 


field of plane waves is demonstrated. Calculated bearing displays are 


' compared with corresponding displays obtained by experiment for 
_ the cases of two and three components. Directional resolution of 


- components of equal and differing frequencies is demonstrated, and 


methods of presenting the bearing display are discussed. 


INTRODUCTION 


HE capability of loop antennas to resolve the 
directional components of a multicomponent field 
has been generally known among investigators for 


some time. Gabler and Waechtler! have reported that 
_ by means of crossed loops and a twin-channel receiver, 


the directions of two components of equal frequency 
may be resolved when the antenna properly samples the 


resultant field. Recently the authors have reported’ the 


analogous capability of a spinning loop antenna and 
single channel receiver to resolve the directional compo- 


- nents of a field of two components of equal frequency 


by means of the intersection of antenna patterns ob- 


- tained at positions of different phase in the resultant 


field. In the discussion which follows, general compo- 
nent resolution properties of a single-channel spinning- 


- loop direction finder in a multicomponent field will be 
- demonstrated on the basis of analysis and experimental 


results. 
THEORY 


Consider a multicomponent field of ~ components 
incident upon a single spinning loop antenna as shown 
in Fig. 1. Assume the components to be vertically polar- 


~ ized plane waves with differing azimuths, amplitudes, 
_ frequencies, and phase. Referring phase to the origin 


(O) of the coordinate system, the resultant field (7) at 
any point P may be given by 


Sn = oy Get Watton) , (1) 
k=1 


where & =the amplitude of the kth component and w, 


* Received by the PGAP, March 4, 1961; revised manuscript re- 
ceived, July 14, 1961. This work was supported by the U. S. Navy, 
Bureau of Ships, Contract NObsr-85086. 

+ Southwest Research Inst., San Antonio, Tex. a 

1 H. Gabler and M. Waechtler, “A new method of determining the 
components of radio bearings from coherent waves,” Elektrotech. Z., 
vol. 79A, pp. 385-388; June, 1958. Natl. Res. Council of Canada 
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2D. N. Travers and W. M. Sherrill, “Direction finding in a two- 
component field,” IRE TRANS. ON ANTENNAS AND PROPAGATION, 


- vol. AP-8, pp. 520-521; September, 1960. 


Fig. 1—Geometry of a single-channel direction finder 
in a multicomponent field. 


is its angular frequency . The phase of the kth compo- 
nent (dx) is given by 


bk = Bup cos (tr — dx) + me; (2) 


where B,=27/Xz, the free space phase constant of the 
kth wave, and 


p=radial distance to the point P, 

t=polar angle of the point P, 

6, =azimuth of the kth component, 

n.=an arbitrary phase constant associated with the 
kth component. 


If a single spinning loop antenna of radius (7) much less 
than the shortest wavelength is placed at P, the total 
output voltage signal (Vr) of the antenna will be 


n 


Vir = Dy r[BeberS sin (0 — 8, ei @utton) | (3) 


k=1 


where 


ry =radius of the loop antenna <A;, 
hex =effective height of the antenna corresponding to 
the kth component, 
§=angle of rotation of the loop antenna (see Fig. 


Le 
Let E; be defined in the following way: 
Ex = 1BrlerEx- 
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Then the total output voltage signal of the antenna may 
be more simply written 


Vr = >> Ex sin 0 — bet @ntten) , (4) 


k=1 


The frequency relations in the multicomponent field 
are such that the interference pattern of the compo- 
nents possesses a period of either finite or infinite dura- 
tion. The highest common factor of the a, of (1) deter- 
mines the common angular beat frequency wz of finite 
period. Thus 


(5) 


We = MWB, 
where 
m;,=an integer. 


For the cases where the w; possess no common factor or 
that the w, are equal, the beat period is infinite. How- 
ever, in practice, multicomponent fields with the a, 
related by a common beat frequency or with the w, 
equal (hence zero beat frequency) are of greatest im- 
portance. The following discussion is limited to these 
two cases. 

Substituting (5) into (4), it is seen that the antenna 
output voltage may be written 


Vr= ys E;, sin (0 — 6,) e7 meoBtt or) , 


k=1 


(6) 


Assuming that the receiver has sufficient bandwidth to 
pass the range of a,, the voltage signal represented by 
(6) will determine the direction finder display. In gen- 
eral, for the single-channel receiver the bearing display 
signal is given by the detected antenna output voltage, 
that is, | Vo i? Therefore all the bearing information, as 
obtainable from the spinning simple loop, is contained 
in (6). It remains to be shown analytically under what 
conditions (6) yields bearing information, if any, and 
the accuracy of the bearing information obtained. One 
can then investigate the physical conditions necessary 
for the display of the bearing information shown an- 
alytically to be available. 

The quantity Vr of (6), which is valid at a given 
point (p, 7) in the resultant field, may be thought of asa 
function of the variable (6), the rotation angle of the an- 
tenna. Direction finder bearing indicators cover the 
range of observed bearing 008 between 0° and 360°. 
Thus, as @ increases, 7.¢., as the antenna completes many 
revolutions, Vy may appear as a multivalued function 
of O08 at the bearing indicator, depending upon the 
time periodicity of the signal. 

If the w, are unequal such that wg0, then the beat 
period T3=27/wgz determines the time period of Vp. 
The antenna rotation angle may alternatively be writ- 
ten: = Qt where Q=angular frequency of antenna rota- 
tion and ¢=time. Thus the relation of 2 to wz determines 
whether or not the bearing display is multivalued. If w, 
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is some integral multiple of Q or wz =, then the display 
will be single valued. On the other hand, if ws<Q or 
wp>>Q and Q and w,z are not integral multiples, the bear- 
ing display will appear multivalued because of the super- 
position of antenna signals corresponding to successive 
antenna rotations. This multivalued function may be 


periodic, however, depending on the beat frequency be- — 
tween wz and Q. It may be further noted that if the w, — 


are equal, i.e.,wz =0, Vr isa single valued function of bog 


November 


at a given point (p, 7) in the field, since the resultant — 


field is time invariant. 
A property of the antenna output V7 which is deriv- 


able from (6) and which will clearly appear at the bear- © 


ing indicator is the curve of the maximum possible — 


value of Vr as a function of 00g. Consideration of (6) — 


shows that the maximum possible value of V7 for any — 


value of 008 is given by 


(Vir)m = ss E,| sin (on — 6) | . (7) 


k=1 


The significance of (7) with regard to determining the 
true bearings (6;) of the field components is shown by 
the following analysis. Each component in (7) is repre- 
sented by its own term; hence, it is possible to differenti- 
ate each term twice, producing infinite discontinuities 
in the second derivative at on =6;, 6,+7. This analysis 
shows that the contour (V7)m plotted as a function of 
§oz has break points where 00n=6;, 6.+7. In Fig. 2, 
(7) is plotted as a function of 60g demonstrating the 
branched characteristic at 00g =6,, 5,-++7.. 


8, 


1 

1 

| 

1 

| 
le} 60 90 240 270 360°°° 


Fig. 2—The maximum antenna output signal (Vr)m 
vs bearing azimuth. 


Since the bearing indicator of single-channel direction 
finders plots the detected antenna output signal | Vol 
vs Ooz, the true bearings of the field components would 
be indicated in the display at the break points of the 
contour of (V7)m with no inherent error as in Fig. 2. 
That the maximum possible value of Vz appears as a 
function of 80g in the bearing display may be predicted 
by consideration of the following two cases. 

Case I: If we40, during the period T, all possible 
phase relations between the components of the field are 
produced. Thus, for each value of @ in (6) the apparent 
phase conditions which produce addition of all the com- 
ponents 


[| Dlsin@—ay| | 
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are produced during a finite time of sampling by the 
antenna. For example, if Vr is a slowly varying func- 
tion of the time, 7.e., wg«Q, the contour (V7)m will be 
produced at the bearing display. A time exposure of the 
display trace during the period 7, will disclose a multi- 
_ valued function of 60%, the maximum envelope of which 
will contain the bearing information. 
Case II: If we=0 (all w, equal), (6) may be written 


Vr= l yD, EF, sin (oz _ ae | eiet (8) 


k=1 


Eq. (8) reduces to the form of (7) when the phase rela- 
tions in the field are such that at a given @ all the terms of 
(8) add positively. At a given point in the field, Vr may 
reach (Vr)m over only a restricted region of @. Thus, in 
order to find the directions of the unknown components, 
the antenna must be moved throughout the field, sam- 
pling the resultant field until the contour of (Vr) mvs 9oz 
is obtained. Because of the assumption of incident plane 
waves, Ex, 5;, and w remain constant when the antenna 
is moved in the resultant field. Although an optimum 
sampling path exists so that it is not necessary to sample 
every point of the field, this path in an unknown field 
would be itself unknown and in general would be com- 
plicated. 


EXPERIMENTAL RESULTS 


On the basis of the arguments above, experimental 
verification of the component resolution capability of a 
single-channel spinning-loop direction finder was under- 
taken. The experimental data reported below were ob- 
tained using a standard AN/SRD-7 spinning loop direc- 
tion finder. The bearing indication of the AN/SRD-7 is 
obtained by means of an inverted polar plot of the loop 
antenna pattern (nulls at the periphery, maxima at the 
center of the CRO display). In order to obtain a recti- 
linear plot of the antenna pattern, the video detector 
output of the receiver was fed through an isolation 
stage to the vertical deflection plates of an oscilloscope. 
The oscilloscope sweep was externally synchronized 
with the antenna rotation. Thus, simultaneous polar and 
rectilinear plots of the bearing information were ob- 
tained. 

The direction finder antenna and receiver with the 
extra display oscilloscope were placed in a screen room 
fitted with vertical radiators placed empirically in ap- 
_ parent thirty degree increments from 0° to 180° in azi- 
muth with respect to the loop antenna.’ A schematic 
diagram of the screen room equipment is shown in Fig. 
3. The vertical azimuthal radiators were driven by vari- 
able frequency signal generators adjusted for relative 
amplitude as desired. Although located in the near field 
of the radiators, the antenna pattern of the small loop 
antenna in the near field is identical to that in the far 


3 See also F. Haber, “Generation of standard fields in shielded en- 
closures,” Proc. IRE, vol. 42, pp. 1693-1698; November, 1954. 
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Fig. 3—Schematic diagram of screen room radiators 
for producing a multicomponent field. 


field by virtue of the form of the field equations at the 
loop. 


The Two Componen Field 


An analytical treatment of the case of two compo- 
nents of equal frequency has been reported by these 
authors.? In summary it was found that as the antenna 
was moved in the resultant field, z.e., as the relative 
phase of the two signals was varied through 27 radians, 
the antenna patterns intersect at four points, defining 
the bearing azimuths of the two components. 

This property was verified experimentally by driving 
two vertical radiators in the screen room described 
above with a 2-Mc signal generator equipped with a 
phase shifting resolver capable of varying the relative 
phase of the two signals through 27 radians. A time ex- 
posure of the AN/SRD-7 bearing-indicator display of 
the antenna patterns as the phase was rotated through 
360° is shown in Fig. 4(a). The bearings of the two radi- 
ators with respect to the antenna were 0° and 60°, re- 
spectively, and the amplitude ratio (A) = E:/£i=0.86. 
The antenna patterns intersect at four points in Fig. 
4(a) which define two diametral lines, indicating the true 
bearings of the signals. 

The general analysis indicates that the maximum en- 
velope of Vr should contain break points at 6, and 
5,-+2. The display voltage maximum envelope is plotted 
in inverted polar form in Fig. 4(b) for the case shown in 
Fig. 4(a) : 61:=0°, 62=60°, Li=1, E2=0.86. Examination 
of the interior maximum envelope obtained experi- 
mentally in Fig. 4(a) and that plotted in Fig. 4(b) show 
that the two contours are identical within practical 
limits. 

On the basis of the general analysis, a pattern similar 
to that obtained with the w, equal should be obtained 
with unequal w, when w; #0. Experimental verification 
of this prediction was obtained with 0° and 60° azimuth 
radiators driven by two variable frequency signal gen- 
erators at approximately 2 Mc. The amplitude ratio ob- 
tained was (A) =1.27. The beat period between the two 
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Fig. 4—(a) Single-channel direction finder display for the case of two components of equal frequency. (b) Predicted bearing display for the 
case of the two component field of Fig. 4(a). (c) Single-channel direction finder dis é Shenae 


[ i I play for the case of two components of slightly different 
frequency. (d) Predicted bearing display for the case of the two component field of Fig. 4(c). ; re 
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ean ; 7 1 direction finder display for the case of three components of slightly different frequency. (b) Predicted bearing 
Aa ke ce Reed oa cerent fed of Fig. 5(a). (c) Rectilinear single-channel direction finder display for the case of three 
Ee mbenents of slightly different frequency. (d) Predicted bearing display for the case of the three component field of Fig. 5(c). 
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generators was of the order of seconds. Fig. 4(c) shows 
a 10-second time exposure of the AN/SRD-7 bearing 
indicator. 

The corresponding theoretical display voltage maxi- 
mum envelope is plotted in inverted polar form in 
Fig. 4(d), where 6:=0°, 62=60°, E:=1, E,=1.27. Com- 
parison of Figs. 4(c) and 4(d) shows detailed similarity 
between the experimental and theoretical displays. Fur- 
thermore the predicted similarity between the displays 
of Fig. 4(a) and 4(c) is obtained. The relatively broad 
central portion of the experimental display of Fig. 4(c) 
occurs because of the distortion produced by reduction 
in receiver gain with respect to that in Fig. 4(a). 


The Three Component Field 


The three component field was investigated by driv- 
ing three vertical radiators with signals of approxi- 
mately equal amplitude and frequency at azimuths of 
0°, 60°, and 150°, respectively. The frequencies of the 
signals were approximately 2 Mc with a beat period of 
the order of seconds. A ten-second time exposure photo- 
graph of the bearing indicator of the AN/SRD-7 is 
shown in Fig. 5(a). The inverted polar plot of the the- 
oretical maximum envelope is shown in Fig. 5(b). 

A rectilinear display of the video detected antenna 
voltage is shown in Fig. 5(c). The maximum signal volt- 
age envelope is the lower contour in the figure. For 
further comparison of the theoretical and experimental 
maximum envelopes, the rectilinear plot of the maxi- 
mum envelope is shown in Fig. 5(d). 

Inspection of these displays indicates that break 
points in the maximum envelope occur at points cor- 
responding to the true bearings of the signals. The ex- 
perimental maximum envelopes are essentially identical 
to the corresponding theoretical envelopes. 

Because of the lack of a signal generator with suitable 
relative phase controls, the three component field could 
not be investigated for the case of equal frequencies. 
However, the evidence presented above suggests that a 
bearing display similar to that of Fig. 5(a) or 5(c) 
would be obtained for the w, equal. 


BEARING INDICATION 


It has been shown in the foregoing sections that bear- 
ing information is obtained from the envelope of the 
maximum possible antenna output voltage. In the ex- 
periments described above, this envelope was obtained 
by photographing the display of the complete antenna 
output signal. However, only the maximum envelope 
contains the bearing information; thus a means of de- 
tecting only this envelope would be sufficient for bearing 
determination. 

The essential requirement of such a detector is the 
capability to store the maximum voltage signal associ- 
ated with each angular position (6) of the antenna. This 
stored envelope waveform must then be plotted as a 
function of 0o0z for bearing determination. It is also seen 
that visual display of this waveform is not necessary for 
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bearing indication. If the waveform were differentiated 
twice, voltage spikes would appear at the break points 
of the waveform. With suitable associated timing cir- 
cuitry, these spikes could be made to operate a bearing 
readout device. 


CONCLUSIONS 


The investigation reported above has shown that a 
spinning simple-loop single-channel direction-finding 
system is capable, in principle, of resolving the direc- 
tional components of a multicomponent field. Further- 
more, component resolution may be achieved either 
with the w, different, equal, or with some equal, so long 
as a common beat frequency exists between the dif- 
ferent frequency components and the antenna is moved 
in the field so as to sample all the phase relations which 
lead to (Vr)m for 008 between 0° and 360°. However, 
bearing determination depends upon detection of the 
maximum envelope of V7. Thus, because of the fre- 
quency relations between wg and ®, detection of the 
maximum envelope requires a memory device which 


stores the maximum received voltage signal correspond-__| 


ing toa given value of 898. This stored waveform is then 
processed for its bearing information. 

This direction finding technique requires a finite time 
(sometimes of the order of seconds) for the collection 
of the bearing information. Furthermore, as the num- 
ber of components increases, the envelope (V7)m be- 
comes more uniform. 

In order to make a flexible component resolution sys- 
tem capable of resolution under a broad range of op- 
erating conditions, a variable speed antenna drive is 
indicated. If the beat period of the resultant field equals 
the antenna rotation period, component resolution is not 
possible because the antenna cannot sample the maxi- 
mum (Vy) at each value of 00s. Furthermore, for a 
given resultant field configuration, there may be an 
optimum antenna rotation speed, 7.e., sampling rate, 
which would obtain the bearing information in a mini- 
mum of time. 

A simplification of the receiving system required for 
component resolution is indicated by the fact that 
(Va) n= | (Vr) m|. Thus the need for a detector is-elim- 
inated. A simple component resolution direction find- 
ing system could consist of a crossed loop antenna and 
goniometer (or spinning loop) fed to a broad-band stor- 
age oscilloscope. 

It should be noted that component resolution in a 
multicomponent field of components with equal or dif- 
fering frequencies can be achieved either by means of a 
twin-channel crossed-loop direction finder or a single- 
channel spinning-loop direction finder as discussed 
above. Although different methods of display are used, 
the component resolution capability of both these direc- 
tion finding systems is essentially equivalent. It is not 
within the scope of the present article, however, to com- 
pare the two systems with respect to their respective 
component resolution capabilities. 
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A Solution to the Frequency-Independent Antenna Problem* 


B. R.-S. CHEO}, memper, ire, V. H. RUMSEYj, FELLOW, IRE, AND W. J. WELCH?, MemBeEr, IRE 


Summary—A solution of Maxwell’s equations is obtained for an 
antenna consisting of an infinite number of equally spaced wires in 
| the form of coplanar equiangular spirals. Radiation amplitude pat- 
_ terns obtained from this solution agree closely with measurements 
on two-element spiral antennas. The phase pattern shows the approx- 
- imate validity of a phase center at a distance behind the antenna 
_ which decreases with the tightness of the spiral. The current distribu- 
_ tion clearly shows increased attenuation with increase in the tight- 
- ness of the spiral, thus showing how the frequency-independent 
mode depends on the curvature. A remarkable feature of the solution 
is that the current consists of an inward traveling wave at infinity 
when the antenna is excited in that sense which produces an out- 
4 ward wave at the center. 


I. INTRODUCTION 


T has been found in recent years that there is a large 
| class of antennas which are independent of fre- 
quency in essentially all their characteristics such 

~ as impedance, pattern, polarization and so on.** The 
equiangular spiral antenna is one of the basic types: 
that illustrated in Fig. 1 consists of two conductors cut 
- out of a plane metal sheet. Let us consider how this an- 
tenna scales with the wavelength. The shape of the an- 
tenna is given by the formula (in polar coordinates 7 


and ¢) 


oi Md (a is a constant). (1) 
Therefore, 
r 
— = ¢-a(b-40) | (2) 
where 
1 
do = — In Xd. (3) 
a 


This shows that a change of wavelength J is equivalent 
to turning the antenna through the angle ¢o, except for 
the scaling of the radius 79 shown in Fig. 1. Now the re- 
markable property of these antennas is that, so long as 
the wavelength is shorter than about 27, the perform- 
ance is independent of frequency, except for the rota- 
tion described in (2) and (3), and therefore it is the 
same as if ro were infinite. Evidently this means that the 
current distribution must decrease with distance from 
the input much more rapidly than it does for conven- 
tional antennas. 


* Received by the PGAP, May 3, 1961. This research was sup- 
ported by the U. S. Army Signal Corps under Contract DA 36-039 
SC-84923. ; Rye 2 

+ Bell Telephone ge formerly with the University of Cali- 
rnia, Berkeley, Calif. : ; 
© tf Elec. aoe” Dept., University of California, Berkeley, Calif. 
1V. H. Rumsey, “Frequency independent antennas,” 1957 IRE 
NATIONAL CONVENTION RECORD, pt. 1, pp. 114-118. at 
2R. H. DuHamel and D. E. Isbell, “Logarithmically periodic 
antennas,” 1957 NATIONAL CONVENTION RECORD, pt. 1, pp. 119-128. 
3J. D. Dyson, “Equiangular spiral antennas,” IRE TRANS. ON 
ANTENNAS AND PROPAGATION, vol. AP-7, pp. 181-187; April, 1959. 


To bring out this point let us compare it with the bi- 
conical antenna, shown in Fig. 2. The field, represented 
by the vectors E£ and H, decreases as 1/r for large values 
of r, and therefore the surface current J (which equals 
tangential H) also decreases as 1/r. The total current 
T is 2rr sin aJ, where a is the angle of the cone shown in 
Fig. 2. Thus J remains constant with increasing r. The 
peculiarity of frequency-independent antennas is then 
that the field at the surface of the antenna must decrease 
more rapidly than 1/7, or alternatively, the total cur- 
rent must decrease fast enough, so that the infinite an- 
tenna can be truncated with practically no effect on the 
radiation pattern. 

The theoretical problem posed by the equiangular 
spiral antenna is to solve Maxwell’s equations subject 
to the vanishing of tangential EZ on the metal surface, 
the radiation condition at infinity and the input condi- 
tion at r=0. For the two-element antenna of Fig. 1, 
this has so far proved intractable even for the infinite 
case. We are therefore driven to consider some simpler 
problem which, while retaining the frequency-inde- 
pendent feature, is amenable to theoretical solution. The 
problem we shall consider in this paper is such a simplifi- 
cation. It can be described by taking an antenna with 
many elements, as in Fig. 3, the space between the ele- 
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Fig. 3. 


4P. E. Mast, “A Theoretical Study of the Equiangular Spiral An- 
tenna,” Elec. Engrg. Res. Lab., University of Illinois, Urbana, Tech. 
Rept. No. 35; September, 1958. 
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ments being the same as the space occupied by an ele- 
ment, so that the antenna is “self-complementary” in 
the sense of Rumsey.! We now suppose that the number 
of elements is infinite, so that the antenna takes the 
form of a smooth anisotropic sheet which is perfectly 
conducting in the direction of the spiral lines and per- 
fectly transparent in the perpendicular direction. 

This is the kind of problem which can be solved’ by 
putting E =jnH on one side of the antenna and E = —jniZ 
on the other side, where E and H are complex vectors 
defined according to the e** time convention, and 7 is 
the intrinsic impedance of space. The boundary condi- 
tions at the surface are that tangential H be continuous, 
tangential H be discontinuous by the amount of the sur- 
face-current density, E parallel to the spirals be zero, 
and H parallel to the spirals be continuous. All of these 
conditions are met if we make £ parallel to the wires 
vanish and tangential E continuous, with E =jnH above 
the surface, and E = —jnH below the surface. 

The source of fields on this antenna is located at its 
center. Recognizing that the structure is essentially uni- 
form in azimuth, we assume that the fields of the an- 
tenna will have the same dependence on the coordinate 
@ as the source. Thus, we shall take the ¢ variation of 
the field to be everywhere e’”*, where x is an integer. 
This corresponds to the excitation arrangement shown 
in Fig. 3, in which each generator has the same magni- 
tude as its neighbor and differs infinitesimally from its 
neighbor in phase. The case n=1 corresponds approxi- 
mately to the excitation of the balanced two-arm an- 
tenna, shown in Fig. 1. 


Il. FormMAL SOLUTION 


Suppose that the antenna lies in the plane z=0 of the 
cylindrical coordinate system of Fig. 4. Let Ei=jnMi 
for z>0 and E,= —jnH» for z<0. Then we have? 


IO i 
E» 


— BV X @Ui1) + VX V X (802), (4) 
BV X (@U2) + VX VX (8U2). (5) 


l| 


Fig. 4. 


5 V. H. Rumsey, “A New Way of Solving Maxwell’s Equations,” 
Electronics Res. Lab., University of California, Berkeley, Series No. 
60, Issue No. 335; December 19, 1960. Also to be published in IRE 
TRANS. ON ANTENNAS AND PROPAGATION. 
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The functions U; and U2 satisfy the scalar wave equa- — 


tion 
B= w/c. (6) 


We can express a general solution of (6) which varies as 
ein¢ by using the Hankel transform formula: 


V7U + BU = 0, 


U, = ein i" gid) In(Ap)eti Xa, (7) 
0 

U, = em f go(A)In(Ap)eti“? rd, (8) 
0 


in which gi(A) and g(A) are arbitrary functions. The 
Bessel function of the first kind, namely J,, has been 
chosen in order that the field be regular at p=0 for 
z~0. In order that the fields radiate away from the 


structure, the negative sign must be taken in the ex- 4 


ponential factor in the integrand of (7), and the positive 
sign in the integrand of (8). Then the continuity of 
tangential electric field at z=0 is satisfied if we put g:(A) 
= go(\) =2(A), as can be verified by direct substitution 
into (4) and (5). Then, 


I 


U; ane f g0\)In(dp)e-i2” FAA, (9) 
0 


Us = eine Hf g(A)Jn(Ap)etiz¥ nd, (10) 
0 


The remaining condition, E,-?=0, ? being tangential to 
the spiral wires, will determine g(A). From (1) we find 
E,-i=0 implies that 

aE = Ex. (11) 


Substitution into this equation from (4) leads to the fol- 
lowing expression for the boundary condition: 


(— B “) 10270 COR 
a ee Ses ae 
0z0p p Od p O0odz Op 


(12) 


z=0 


Then, substituting (9) into (12), we find 


AJ n(Ap) 


if g(d) {Gnas + n/p? — )?) 
0 p 
+ (jav/B? — 2+ ann’) dy = 0. (13) 


Then term containing the derivative of the Bessel func- 
tion may be integrated by parts, so that (13) becomes 


i 40) (jnaB + nv/B? — d?)r 


Jn (Xp) 
p 


dy 


d 
rigs [g(A)A2(jav/B? — 2+ a) 


p 


= 0. 


0 


(14) 
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Suppose that g(A) [jav/(6?—X)+8]d2J,(Ap) vanishes 


; for d equal to zero or infinity. Then the boundary terms 
_ in (14) may be discarded. (We shall see later that this 


assumption is justified.) Applying the inverse Hankel 
transform to (14) with the boundary terms set equal to 
zero yields an ordinary differential equation for g(A): 


(Bd + jrar/B? — d*)g'(d) 


jqan* 


. 4+ ls—jna) ~(n—2}0) VK — ]e(0) =0. (15) 


SEY 


Ve—M 


- For convenience let \=y8 and g(y8) =f(y). In terms of 


f(y) the solution to (15) is 


~ * ele tee 
g(r) = g(y8) = fly) = E(- ce = 


(1 +ajVT— FI, (16) 
Notice that f(y) is independent of 8, exhibiting the fre- 
quency-independent nature of the solution explicitly. 

For n> 0, the behavior of f(y) is such that the integral 
(9) exists, and the assumption that the boundary terms 
in (14) vanish is valid. For n <0, f(y) becomes infinite 
at y=0 or \=0 and (9) diverges. It turns out that we 
can obtain a solution for <0 only if we begin with the 
assumption that Ei= —jnHi and E,=jnH2. There ap- 
pears to be a simple explanation for this. With the radia- 
tion condition fixed, the choice of the plus or minus sign 
in the equation E= +jnH determines the sense of 
polarization of the far field. At the same time, the sign 
of n specifies the polarization sense of the source. The 


- interpretation of the situation described above is that 


the field must have the same sense of polarization as the 


source. 
The complete expressions for Uj; are (taking n>0) 


© /1—viny\" (taj VI=9) 
U = bene f ( ) 
3 0 


teins y 


e-i-v' BJ, (Bpy)dy, (17) 


or, for n<0, 


2 : “f- em) (1 —jar/1—y)-tinl®) 
= Cn? 5 
; oily o 


evi-v BJ, (Bpy)dy, (18) 
where & is a constant which is to be adjusted according 
to the source strength. Notice that the integrand con- 
tains a branch point at y=-++1 in the complex y plane. 
The branch cut must be taken in the fourth quadrant, 
and the path of integration must pass Over the branch 
point in order that (1 —y?) 12 —j(y?-1)"” for L. 
This completes the formal solution to the boundary- 
value problem. 


Cheo, et al.: A Solution to the Frequency-Independent Antenna Problem 


529 


III. Limitine CAseEs 


In this section we shall evaluate the integral for sev- 
eral limiting cases to find the behavior of the field near 
the input terminals, the radiation pattern, and the be- 
havior of the antenna current at large distances from 
the input terminals. 


A. The Field Near the I nput Terminals 


The requirement that the behavior of the field ap- 
proach the static field distribution near the input termi- 
nals was never actually employed in the derivation of 
the preceding section, and it must be verified that this 
condition is in fact satisfied by (17) and (18). Let us 
consider the behavior of the electric field as Br—0. Ac- 
cording to (4) and (6), 


I 


OU, 
= CV X1GUi) aev (=) + P72U 4. (19) 
z 


In the limit as Br—0, the second term of (19) dom- 


inates. 
; OU, 
lim Ay = V ly 
Br-0 Oz 


This implies that as Br->0, 0U/dz must approach the 
static potential distribution, which is 


(20) 


V= pi(nla) ging P sen 1a (COS 6) = (re-29) 18) Po q)(COS 6) (21) 


The function V satisfies Laplace’s equation and is con- 
stant along the wires: it is the standard form r™Pn”(cos 
6)e* with m=j(n/a). 

From (17) we find that 


ons fez Chee hae) aes 
— = ke!” ————— 
0 1-1-7? yy, 


(—jVi— ye vbr c08 OF, (Bry sin 6)dy, (22) 


where we have put z=r cos @ and p=r sin 0. For small 
values of Br, the Bessel function is small except where y 
is very large, because J,(x)—x” as x0. Since the other 
part of the integrand is well behaved in the neighbor- 
hood of y=0, the entire integrand contributes very 
little, except where y is large, in this limit. Therefore, it 
is reasonable to approximate the part of the integrand 
other than the Bessel function by its behavior for large 
y and consider the resulting integral. Hence, 


oU 
lim — = hein# f yt itnla)g—Br cos 8v 7, (Br sin Oy) dy 
0 


Be—>0 02 
Nn nN 
en (n—j~)r j——n+1 
a a 


nN 
r(jt+n+1) 
a 


- end (Br) "I Pi¢njay"(COS 8). 


(23) 
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Apart from the constant multiplier, this agrees pre- 
cisely with (21). 

Furthermore, (23) shows that the magnitude of the 
current flowing into a sector of the antenna from the 
source is constant. Thus, if J; is the current per unit 
angle at the input, 7;=pJ, where J is the surface cur- 
rent density, and 


J = 2(H, + aH,)/(1 + a)? = (2/a)(1 + a7)? Hg. 


According to (19) and (23), 
| Lie gees 
H4|xj2 < Ey |sanj2 & — €/*(Bp)i!®) Pq ja)(0), 
p 


and p times this quantity has a constant magnitude. 


B. Radiation Patterns 


In order to investigate the radiation properties of the 
antenna, we need only consider the asymptotic behavior 
of the field at large distances from the structure. We 
shall see that the method of stationary phase readily 
lends itself to the asymptotic evaluation of (17) for 
large values of both p and z. However, before the inte- 
gral can be approximated, the differentiations indicated 
in (5) for the electric field must first be performed. Of 
interest are the components of the electric field with 
respect to the spherical coordinate system (7, 0, @) of Fig. 
4. Because the distant field is circularly polarized,® we 
need only work out Ey, a component which is common 
to both the cylindrical and spherical systems. Using (4), 
we find 


or) ne tee Je 
Es == ates [ f(y) {envi a y? Sn(Byp) 


p 
+ By ce ee 1.(869) |} eVEF beydy, (24) 
Bpy 


where p=r sin @ and z=r cos 8. Except at 6=0, both p 
and z are large when 7 is large. With p large, the leading 
term in the integrand of (24) is the term containing the 
factor J,1(6py). Furthermore, the Bessel function may 
be replaced by its asymptotic value for large argument.® 


lim J,,(%) 


x— 0 
We ee fe betas gt) 
rx 2 f : 


Using this in the integrand of (24) causes only a second- 
order error even in the neighborhood of y=0, because 
f(y) tends to zero as y”~? and therefore the integrand 
tends to zero as y?""!. Using these approximations and 
substituting r for p/sin 6 and z/cos 6, we obtain the fol- 


(25) 


§ J. A. Stratton, “Electromagnetic Theory,” McGraw-Hill Book 
Co,, Inc., New York, N. Y., ch. 6, p. 359, (18); 1941, ge 
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lowing approximation for (24) for large r: 
tee 
0 War sin é 


; { e~ibrieos 6V1—y2—y sin 6]—7 (4/2) (n+1/2) 


Es a kBteine 


+78r[cos #V1—y*+y sin 0]+7(m/2) (n+1/2) ; 
ve y. 


This integral contains two terms of the following 
form: an exponential phase term with a large factor r, 
multiplied by a relatively slowly-varying function of 
the variable of integration. According to the principle 
of stationary phase, the main contribution to this inte- 
gral comes from the neighborhood of the stationary 
points of the phase function. In general,’ 


z 2a ue 
f swermoar ~ ler g(re#*Metin/4) (27) 
hi 


a 


where x is the large parameter, h’(r) =0, and the plus or 
minus sign is to be taken according to whether the sta- 
tionary point is a minimum or maximum. Only the sec- 
ond of the two terms in (26) has a real stationary point, 
and its value is y=sin 0. Applying formula (27), we find 


e78r 
Es ~ kB%e'"* cos 6f(sin 6) ein (a 12) | (28) 
Furthermore, from (16), 
. ° 6 S 
(1 + aj cos 6)—!-#@/a) (tan =) 
f(sin.0) = = (29) 
sin? @ 
Finally, the far-zone electric field is 
; : O\* 
cos 0(1 + aj cos @)—1-4@/a) (tan =) 
Ey ~ kB 
sin? 6 
ei ln (8+ /2)—Br] 
) n> 0. (30) 


if 


If we express the field in terms of magnitude and 
phase 


etl (6+ (r/2))—Br] 


Ey ~ A(@)e"¥() ———_____, (31) 
Yr 
we have 
6 n v 
cos 6 (‘an 5) e(mla) tan 1 (@ cos 6) 
1 (0) é 
Ms i : —— s) 32 
sin 04/1 + a? cos? 6 oe 
and 


n 
(0) = a | 1 + a? cos? | “p tan@*o'cos 0; 9 (33) 


7A. Erdelyi, “Asymptotic Expansions, ” 


D . . 
Inc., New York, N. Y., p. 51, 2.9(2): 1986. eek BNE, 


= 


r 
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For e~’"® excitation A (6) is the same but the sign of v (6) 
is reversed. The pattern A (9) is plotted in Figs. 5 and 6 


for various values of m and a. As is typical with fre- 
_quency-independent antennas, there is no radiation 


along the surface of the structure. The patterns pre- 


dicted by (33) agree remarkably well with measure- 


ments made by Dyson* on two-arm spiral antennas. 


According to (32), making a small decreases the beam- 
_width, but only up to a point. For the case n=1, the 
minimum beamwidth attainable is approximately 70°. 


q 


Before leaving the discussion of the radiation field, 


_we shall consider the question of whether the antenna 
~hasa phase center. The total phase of the far field, apart 
_ from the @ dependence and some constants, is given by 


Br + ¥(6). (34) 


_ Because of the complicated form of (33), (34) does not, 
_ in general, describe a circular phase front. However, when 
ais small, ¥(6) ~a cos @. In this case, the phase fronts 


YF 


are approximately circular, and, according to the dia- 
gram of Fig. 7, the antenna has a phase center located 
a/2mr wavelengths behind its center. 
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C. The Current Distribution 


As we saw in Section I, the current distribution is 
one of the peculiar features of frequency-independent 
antennas. In the present case, it is obtainable from the 
field at the plane z=0. Since E is proportional to H and 
Es is proportional to E, at z=0, the surface-current 
density is proportional to Ey. The current density per 
unit of angle ¢ corresponds to the total antenna current 
I; it varies as py. Unfortunately it has not been possi- 
ble to work out the current for all values of p. How- 
ever, fairly simple expressions have been obtained for 
small values of p and alternatively for large values of p. 
For small values of p we have already found that 


IT = ein(ot+(/a) inp 
which has constant amplitude and rapidly varying 
phase as a function of p. Note however that the phase 
is constant if we move along a spiral as it ought to be for 
the steady-current case. 

Turning now to the case where p is large, according to 
(4) and (9) and (16), we find that 


00 ai 
By = kate [f)| nyt =e 
0 


te By: (Bye) | ydy. (35) 


Upon integrating (35) by parts and substituting for 
f(y) from (16), we obtain, with n>0, 


ogt/ flee V1 — vy? n/2 1 
roe [EB A) 
te SUSE Loe yt AA ye 
(1 + ajV/1 — y?)-? 7/07, (Boy) ydy. (36) 


For n<0 the correct formula is the conjugate of (36), 
not the result of reversing the sign of m—-see (18). We 
express the integral as the sum of two integrals over the 
intervals (0, 1) and (1, ©), and treat the two parts 
separately. Consider first the integration over (0, 1): 


i ee VJ/1 — ¥? n/2 1 
no f SS) CaS) 
pe aes = ay Lai 


A+ afl — y2)? 1M T, (Boy) ydy. (37) 
The singularity at y=1 makes the major contribution 
to the integral. This is especially true for large Bp, in 
which case the Bessel function oscillates very rapidly as 
a function of y and cancels all contributions to the in- 
tegral, except from those regions where the rest of the 
integrand is also a rapidly varying function of y. We will 
expand the integrand, excepting the Bessel function, in 
ascending powers of (1—y’)1/?, beginning with 
1/(1—y?)}/?, and integrate term by term. Each term in 
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the resulting series will have successively less importance 
for large Bp because of the relative smoothness of the suc- 
cessive powers of [(1—y?)1/2]™. We rewrite (37) slightly 
and then perform the expansion according to Maclaur- 
in’s formula: 


ieee 47 Lee Nee 1 
9 (ym 1+ 7/1 — 9? 0A 
Lt afi = PHI! ye (Bpydy 


Yan = "yt (Boy) dy. (38) 


0 m=—1 


Each term in the series may be integrated by means of 
Sonine’s first formula.® 


J 4-0/2) 41(2) 
gl2)+1 


zor (= +1) ° 
2 


Substituting y=sin @ in (38) and using (39), we find 


m 
Ge WGA (1 =I =) 


(39) 


1/2 


J,(z sin 6) sin“+! 6 cos’*1 6d@. (39) 


ln = sz 


m=—1 


Fn+(mj2+1(Bp). (40) 


Consider next the integration over (1, ©), which we 
write in the following form: 


: ee ee 
I, = — 1 2 — {)-2-7(n/a) 
= fi S) at ve=a 


(n+ = )h lands. (40 
Nee ae 


Following the same reasoning as before, we expand the 
term in the braces of (41) in a series such that each term 
can be integrated and, furthermore, such that each 
term has successively less importance for large Bp. In 
this case, the expansion is in powers of (y2—1)1/2/y, 


: co 68 V/y2 — 1 m 
nei f > 3(7—) 
1 m=0 y 


There appears to be no single integral formula which can 
be applied to every term in (42), so that each term must 
be treated separately. In what follows, we shall work 
out only the first four terms of the series obtaining an 


Jn(Bpy) dy 
Vy? = tyr 


(42) 


GaN. Watson, “A Treatise on the Theory of Bessel Functions,” 
nee University Press, Cambridge, Eng., 2nd edi vehi 12. 5p; 
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asymptotic expansion in Bp up to terms which behave as | 


O(8p)—*. The first is 


°  In(Bey)dy 


8 J70 1 Vy? = jl ae 


Lyf ee 
=ih | ar ae Se, 


where y = (1+&?)1/*. This may be evaluated by means of | 


Sonine’s second formula.?® 


2 Ti (at? + 2?) dt s 2+T(u + 1) 
i} (t? + gyri 


get 1 a 1 


Let z=1, Bp =a, and w= —(4). Then, applying (44) to 


(43) we obtain 


tne 


jool (2) 
20 => a, In—1/2(Bp). (45) 
The second term is 
= J (Bp )d 
eee jos f Jae). : (46) 
1 y” 


An asymptotic expansion of this integral may be ob- 
tained by repeated integration by-parts. In general, 
if Jn(Bpy)—dy 
1 ye 


1 b+tnu+1 
= — Jnz1(Bp) ote 


1 3 
SS =o} e, if 
Bp (Bp)? lees e (47) 


where p> 3. In principle, one could carry out (47) to as — 


many terms as desired. Thus, for the second term, 


In+1(Bp) In+2(Bp) 
= Ia = jos} + Qn + 1) At 
Bp (Bp)? 
1 3 
= O (~) : (48 
Bp 
The third term is 
f = Vy? —1 J, (Bp )d 
Too = jos f oe (49) 
1 y Kae 
After one integration by parts we find 
phe d 
fies js} if +1(Bpy) dy 
Bp. fy a 
2n+2 (7° Insi(Bpy)/y? — 1d 
im (| +1(Bpy) Vy t (50) 
Bp 1 eo 


9 Ibid., ch. 13, p. 417, 


J,-u-1(az). (44)@ 
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The first term of (50) may be evaluated by means of 
Sonine’s second formula (44). Repeated integration by 
parts shows that the second term of (50) is O(@p)~* and 


_ may be discarded. Thus, 


a> Weibel 


hi —jboT' (3) f TN? 
2 = (Bp)! n+-(a/2)(Bp) + O a : (51) 
The fourth term of the series is 
© /y? — 1\ J, d 
agar f ? ) (Bpy)dy 
1 y y” 
4 > Jn(Bp d * Jn(Bpy)d 
= js f y)dy bs f (Bpy)dy (52) 
1 n 1 Aaa 


: We may apply the result of (47) to the two terms in (52) 
~ to obtain 


ANS 
5) 


2T n+-2(Bp) ue o(—). 
(Bp)? Bp 


It is possible to show that the next term in (42) con- 


In3 = jos (53) 


tributes only O(8p)-* to the series. Let the input cur- 


rent per unit angle be J». Then taking the first four 


- terms of (40), adding them to (45), (48), (51), and (53), 
- and adjusting the constant of proportionality to the in- 


put current, we find 


n 
r(j=+n+1) 
a 
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Straight wires are represented by a= ~, but our integral 
representation (17) fails in this case which therefore has 
to be considered separately. The solution is fairly simple 
and gives a distribution of | | which is constant with p’, 
and a phase velocity equal to that of light, as illustrated 
on the graphs. 

The phase characteristic is perhaps the most interest- 
ing feature of these results. For ~>0 it consists of an 
inward slow wave when ¢ is very small, changing to a 
fast wave as 7 increases, which becomes infinitely fast at 
the point where the phase is a maximum in Fig. 9. Pass- 
ing beyond this point, we find a fast outward wave 
which slows down to the velocity of light when r>~. 
For 1 <0 we find the same sequence of changes, except 
that the direction of the phase velocity is reversed 
everywhere. The extraordinary feature is that we now 
have an inward wave at infinity. At first sight this 
might appear to be physically inadmissible because cer- 
tainly the power must flow outward at infinity. How- 
ever, in this case we are not dealing with the ordinary 
radiation field, namely the field which varies as 1/r, for 
this is zero on the antenna when r= ~. Indeed, that 
such a reversal of the phase velocity is necessary with 
reversal of m can be quickly seen for small 7 by working 
from the requirement that the current along any in- 
dividual wire must be constant in the quasi-static ap- 
proximation. Also, when r=, the curvature of the 


I I a’ ye {eiterincer ( es n?2 + 75an 4. aa 
ve = is n j 
n n 28 
“|r ¢ eae =) : (; Seka 1) PiaiaX f 
a a ‘ 
n a 26a°n » a 2jn*a 4 8 ‘ ( nT =) | 
og (= + 3” 3 qa jan : ja? } cos |B ; ; 
2 4/ ; ae f + O(6p)-*. (54) 
mBp p 
For the case =1, this expression reduces to 
{ ae aie ee 5 (10 — 26a* — 26ja + 24ja%) sin (6 = =) 
I = Iavi + et (+2) -4/ 
oe ) Bp 2p mBp 3(Bp)” 
(55) 


+ O(Bp)-*. 


In (54) and (55) the Bessel functions have been replaced 


by their asymptotic expansions. 

The current distribution has also been worked out 
directly from the integral by using a digital computer 
for the cases a=0.1, 0.5 and 1.0 with »=1. The results 
are plotted in Figs. 8-11 (next page). The salient feature 
of these graphs is the marked increase in attenuation of 
the current with increase in the curvature of the spiral. 


spiral becomes negligible and the waves become essen- 
tially plane. By using the results of Rumsey,° it will be 
found that solutions for straight wires can be con- 
structed in which the phase velocity is inward on the 
wires but outward some distance away. It is thus pos- 
sible to see how the inward wave on the antenna is con- 
nected to the outward wave in the radiation field, and 
to the mode of excitation. 
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Fig. 9—Phase variation of current distribution 


as computed by numerical integration, 
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The Radiation Fields from a Circumferential Slot on a Metal 
Cylinder Coated with a Lossy Dielectric* 


CHARLES M. KNOPY{, MEMBER, IRE 


Summary—The radiation fields produced by a sinusoidal dis- 
tribution of axial-electric field along a thin circumferential slot, cut in 
a perfectly conducting infinite cylinder which is covered by a con- 


ig _ centric dielectric coating, are found by applying the method of Wait! 


with two modifications. Initially, a structure consisting of a finite 
coated cylinder containing the slot and exciting a radial waveguide is 
considered. The fields in this waveguide are expressed in terms of 
derivatives of two axial Hertz vectors, and for a finite radial wall 
spacing are seen to consist of a double Fourier series. The radial 


_ walls are then allowed to become infinitely spaced; in this process, 


the Fourier-series representation for the axial dependence of the 


- fields becomes a Fourier integral. The radiation fields are then found 


by asymptotically evaluating the Fourier integral by the method of 
stationary phase rather than by the saddle-point method. 

Expressions for the radiation fields are then found, but are given 
explicitly for the equatorial plane only. Calculated radiation patterns 
in this plane, for a coating having a fixed dielectric constant with the 
thickness as a parameter, and for a fixed thickness with the dielectric 
constant as a parameter, are given for the case of a cylinder of size 
Boa=3. Generalizations based on these calculations are suggested. 
The case of a specific plasma coating is briefly considered, and an 
approximate solution, readily obtained, which gives the same azi- 
muthal form for the equatorial patterns, is also noted. 


INTRODUCTION 


HE radiating structure considered is an infinite, 
Bl veces conducting cylinder of radius a, on which 
- is cut a thin circumferential slot, of width ado, 
which is assumed to be excited with a sinusoidal, cir- 
cumferential, varying, axial-electric field. The cylinder 
is covered by a nonmagnetic, concentric, dielectric coat- 
ing of complex relative dielectric constant e,* and of 
radius 6. This structure is depicted in Fig. 1. 
The electromagnetic fields produced by such a slot 


can be obtained by the method impeccably outlined by 


Wait.! His method will be used here with two slight 
modifications: 1) the use of Hertzian-vector potentials 
to initially derive the fields for a finite coated cylinder 
containing the slot and exciting a radial waveguide, as 


- discussed below, and 2) the use of the method of sta- 


tionary phase to evaluate the resulting integrals in the 
far field region. These modifications are substitutes for 
a direct expansion of the fields in an azimuthal Fourier 
series and an axial Fourier integral and the use of the 
saddle-point method to evaluate the same integrals, 
respectively. It is believed that this use of the Hertzian 
vector has more of a physical basis than the direct ex- 
pansion of the fields as mentioned above, and that of 


* Received by the PGAP, June 21, 1961; revised manuscript re- 
ceived, July 31, 1961. 

+ Res. and Dev. Dept., 
formerly with Chicago, Ill., R 


Ann Arbor, Mich. ; an 
oe 4: a Wait, “Electromagnetic Radiation from Cylindrical Struc- 


The Hallicrafters Co., Chicago, IIl.; 
es. Lab. of the Bendix Systems Div. of 


| tures,” Pergamon Press, New York, N. Y., pp. 125-141; 1959. 
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Fig. 1—Dielectric coated metal cylinder with 
a circumferential slot. 


the two methods of evaluating the asymptotic value of 
an integral, the method of stationary phase is the 
simplest. 

Thus, in essence, the solution for the fields will be ob- 
tained by solving a two-region boundary value problem. 
The regions are defined by 


aSpsb 
bsp < 


region 1: 
region 2: 


The boundary value problem is solved as follows: 
first, the fact that the E and H fields can be derived 
from two Hertzian-vector potentials M and M*, which 
have only axial components II, and H,”, respectively, is 
utilized.2 These Hertzian potentials are obtained for the 
structure considered as a limiting case of a radial wave- 
guide whose walls are allowed to become infinitely 
spaced. By appropriate differentiation of II, and II.*, the 
E and H fields in both regions are found. The resulting 
field expressions contain six unknown coefficients which 
can be evaluated by applying the six tangential bound- 
ary conditions at p=a and p=b. To determine the fields 
in region 2, only two coefficients need be determined. 
This is done, and it is seen that the expressions for these 
coefficients are very lengthy. A partial check is then 
made by considering the special cases of a dielectric 


2C. M. Knop, “The Radiation Fields from _a Circumferential 
Slot on a Metal Cylinder Coated with a Lossy Dielectric,” Bendix 
Systems Div., Ann Arbor, Mich., Res. Note 21, pp. I-1, I-3; October, 
1960. 
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coating having an e,* of unity or having a vanishing 
thickness. In both cases the resulting coefficients give, 
after integration by the method of stationary phase, the 
well-known radiation field expressions for a circumfer- 
ential slot on a cylinder in free space (see Appendix I). 
Returning to the dielectric coating case, the method of 
-stationary phase is applied to obtain the radiation 
fields, and it is then noted that the field expressions in 
the equatorial plane simplify considerably. Explicit ex- 
pressions are then given for all the radiation field com- 
ponents in this plane, which, fortunately, is the plane 
of most interest. It is also noted that an approximate 
solution (see Appendix II) gives the same azimuthal 
dependence of the far fields in the equatorial plane, as 
obtained by the above exact method. 


FORMAL SOLUTION PROCEDURE 
A. Determination of Hertz Vectors 


Consider the cylindrically excited, radial-waveguide 
arrangement depicted in Fig. 2. It is noted® that if Z, 
the distance between the walls of the guide, extends to 
infinity, then the structure becomes identical to that 
depicted in Fig. 1. 


CONDUCTIN 
ro) 6 
| eT Eee 
RADIAL, PERFECTLY 


CONDUCTING WALLS eg ei 


[*— COATING 


Fig. 2—Cylindrically excited radial waveguide, 


In region 1, the Hertz potential II.. must satisfy the 
scalar wave equation? 


1 
0,°I1z1 ate > 0,111 + IG 0¢7I1.1 = Oe -L4 + exile, = 0, (1) 
p p 
with an identical equation for I1,*, where 
= Bore,* 


Bo” = wuoeo. 


(2) 
(3) 


_ § This technique of allowing a finite size guide to become infinite 
is adopted from G. I. Cohn and G. T. Flesher, “Theoretical radiation 
pattern and impedance of flush-mounted coaxial aperture,” Proc. 


Nat. Electronics Conf., Chicago, Ill., Octob , 1958, vol. 14 - 
(cee, g er , VO , pp. 150 
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The field components in region 1 are then? 


. OKO 
OF = Ozpllz1 if dgIL1* 
p 
1 L ri 
Eo, = — Oeoler + Jwpodplle1 
p 
1 1 : 
ge Gare 0,(p0 pII-1) a ~ 9o"He1 =. Os Phas > B II,1, 
p p : 
and 


Weve, * 


Has a Orllae fes4 OI 21 


4 
Ag Ser Ozellsx, aS jweoe,*d Il 1 (5) 
p 


1 

Aa = ck 0,(pd pI z1*) = a 0¢7I1.1* =— 071k + BPIL.1*. 

p p 
Assuming a product solution to (1) then gives for region 
1, where it is to be expected that both forward and 
backward traveling waves will exist in the radial direc- 
tion due to the reflection at the dielectric-air interface 
at p=b 


Tey = [EHm (up) + FJm(up)] [term + geting] 
F [Ce-ihe = Detih], (6) 
where 
w= B? ae h?, (7) 


with m being an integer, since the fields must be single 
valued, and where # is a constant to be determined. 

Applying the boundary conditions at the upper and 
lower plates, which are assumed to be perfect con- 
ductors 


Foe cwiay as (8) 
gives, as seen from (4) 
Olle, ae = 0, (9) 


* 
|z=t (L/2) 


Applying the first of the conditions in (9) gives 


—jhCeihLI2) 4 gp Detib(Li2) — 0, (10) 
and 
—ghCeti(L12) 4. 5h De-ik(Ll2) — 0, (11) 
Thus 
CSD) (12) 
and 
mise 
SInik—— =); (13) 
therefore 
2nr 
py a FA NR Fer (14) 
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Applying the latter condition of (9) gives 
ie 0, (15) 


z= (L/2) = 

which will be used later when obtaining the solution for 
Adizl- 

4 It is then seen from (4) and (5) that if (12), (14), 
d and (15) hold, the tangential electric fields vanish 
_(E,=E,=0) and the normal magnetic field vanishes 
a (H,=0) on the top and bottom walls of the radial wave- 
; guide. From (12) and (14), after redefining the co- 


efficients, [a then becomes 


o 
A m=to n= po 


: U1 = > [dmnHm® (up) + AmnIm(up) | 


2 = a, 
2 m=—0o n=—o 


- e—imb pI 2mn/L)z (16) 


— 
5 It is seen that (16) is a double Fourier series in the $ 
and z variables. The Fourier coefficients are found in the 
_ usual way. Multiplying (16) by e+#?¢dp and integrating 
eirom —7 to 7, and then multiplying by et?@4/))*dz 
and integrating from —L/2 to L/2 gives 


; [mn im (up) + AmnJIm(up) | 


1 L/2 T 
=] f mabe demoemmdeds, (0 
ce 2nL J _1j2d —« 
4 
; Now, let 
— (18) 
eT: 


“Gj ; : : 
_ Therefore as 7 increases by one integer, / increases by 
- an amount Ah of 


7 Qn 24 


4 Rave) — = 19) 
4 ae mien 8 \ 

_ Then, rewriting (16) as 

A mete Mk F dan Hm (up) + ee) 

; en imbe-ihz Af, (20) 


, it is seen from (17) and (20) that as L—>«, Ah-0 and 
the quantity in the brackets becomes of the form zero 
over zero 


) Hn (tp) + Annin(up)] 0 
: Lim E sa | = (21) 
; Lo | Ah 

Ah-0 


and the quantity 4 becomes a continuous variable. 

Since the integration over dz in (17) will still be 
bounded as the limits tend to infinity because II. is to 
represent a physical field, the limit of (21) will be taken 
as finite, although, as yet unknown 


GH (up) ae | 
| Ah 


Lim 
Lo «© 


Ah—0 


= [an(h)Hm® (up) + Am(h)Im(up)|. (22) 
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Thus 
m=-+o0 nate fq Hm (2) aye 
Sos [ (up) + (up) | 
m=—o0 Ah>0 n=—0 Ah 


eg imbe—ihzA fh, 


(23) 


The limit process in (23) converts the summation over 
n into an integral, thus* 


m=+00 


+00 
Tey ( [Contin Hap) + Anti) Fn) 


m=—co 


ah) e-ime (24) 


where the coefficients @m(hk) and A»(hk) are as yet unde- 
termined. By using (15) and following the above pro- 
cedure, in an exactly similar way there results for Th 


m=-boo0 


too 
Teo. ( J Uemtto ttn (ae) + Bal) Fn(a) 


ms=—n 


-<-dh) g me (25) 

Going through the same procedure for the Hertzian 
vectors in region 2, but noting that only an outgoing 
wave can exist in this region, gives 


m=+00 +00 
Ie = 2 (f [n( H) Ha (tmp) ed) em §=—(26) 
and 
m=+00 +00 
ge = 3 (f dh) Ha: (top) Gxt ar) 
where 


Uo” = Bo" — h’. (28) 


Eqs. (24) through (27) constitute the solution of the 
Hertzian potentials of the problem. They contain the 
six unknown coefficients: @m(), Am(2), Om(h), Bath). 
Cm(h), and dm(h) which must be evaluated by applying 
the remaining boundary conditions on the field com- 
ponents. 


B. Determination of Field Components 


Use of (4) and (5) will give the field components. This 
involves straightforward differentiation and gives, using 
the operator notation, 


m=+o +00 
uaF ( [ema om 


—o 


(29) 


for the field components, see Wait,> where k=, ko=Bo, 
and i=j, or also see Knop.° 


4 Tt should be noted here that the use of (12) and (13) gives rise 
to an expression for II.1 which is an even function of z. However, if 
the equally valid choice of C=—D and cos hL/2=0 were made, 
II,1 would be an odd function of z. Superimposing these solutions 
gives IIz1 in the form of (24) where If. is an arbitrary function of z. 
See Knop, op. cit., pp. [V-2-IV-4 for a thorough discussion. 

5 Wait, op. cit., eqs. (336)-(347), pp. 126-127. 

6 Knop, op. cit., pp. 9-10. 
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C. Evaluation of Coefficients 


The coefficients are evaluated by insisting that the 
tangential boundary conditions are satisfied. These con- 
ditions are 


Ea = Eze ) 
Jas == JD, 

a a Biya lp (30) 

vale) = A» 

Ag = 42 

and 

ia = Jes eci fie 

1 pecif 7 at p= a. (31) 
Fg = 0 


Here, the specified distribution of E» on the cylinder 
is zero everywhere except on the slot, where a sinusoidal 
distribution is taken, 2.e., 


E, specified 


= Fy {sin Boa (= + 6)/i (+ la =) = 1(6) | 
Janne (= i 6)] 10) i (¢ = =) i} 


ies2)-@-9 wy 
where 
wef 2h wy 


is the unit step function. Equating (32) and (336) of 
Wait’ gives, after multiplying by e’7¢d¢ and integrating 
from —7 to 7, 


if yas speci fieae?™?dp 
= a 
= 2r ‘il *[dmHm (ua) + AmJm(ua)le-dh. (34) 


Eq. (34) is then seen to be a representation of the L.H.S. 
by a Fourier integral. Thus 


U?|@mHm(ua) + A nJm(ua) | 


1 +00 +1 
a (2r)2 if if Ez specitica(@, $, serene | a3 


Use of the other five boundary conditions with (35) then 
gives a set of six equations of the form 


(35) 


Ampdm ae Oem “IP AapAmn ae 1b lobe aA CmpCm 


= Dalen = Xmpy (36) 
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where: p=1, 2, 3, 4, 5, 6; and where the coefficients” 
Amp, Omp, etc., are tabulated by Wait,* and also appear 
in Wait and Mientka’ and Knop.° If only the fields in 
region 2 are required, it suffices to find the coefficients 
Cm and dm. These are found by using determinants, and 
are 


Ga, Lut (U0 2 mh? U U0 
SM aE lee-3) 
Om(h) DASE mud ab Au u 


+ Bw jure’ — Bic’) Zz abe Fé) 


U 


2 
See ral, (37) 5 
T : 


ub 
and 
ri u'B-mhFuy? (. 2 
GRC yee = ape = 
{1 -!2(ne - # v2) 40(s2)] 
lak F B? U9 ub 
af -. ere: = Bo , (38) | 
where 
U, = — (AE’ =-Bc’) (39) 
and 
Vn = — (AE — Bo); (40) 
also 
A = H,,(ua) E = Jm(ub) 
A'= H,,'(ua) El = Sn tub) 
B= Jy(ua F = H,(uob 
|B = ie = (lp Bi 2 
c= H»(ud) L = jJapo 
c’ = H,' (ub) D = Determinant of amp, bmp, etc. 


(given explicitly in Knop’), 


where the prime indicates differentiation with respect 
to the entire argument. Evaluation of the excitation 
factor Qn(h) gives, from (35) and (32) 


(43) 


.___' It should be pointed out that in Wait! the coefficient Ams is lack- 
we .2 negative sign due to a misprint verified by consulting: J. R. 
See I Ree apy ee Cinder antenna with a dielectric 
: eee . Natl. Bur. Sta 296; 
1957, See eccee tty ae ndards, vol. 58, pp. 287-296; June, 
® Wait, op. cit., Table Dpad28 
* Knop, op. cit., p. 12. 
” Knop, op. cit., p. 14. 
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where 


- 


ool? d 
2 ik sin Boa (= — :’) cos m¢'d¢’ 
0 
2Boa moo 0 
(Gta? — m) Pape aece — cos Boa =|, m # Boa 
= (44) 


02 8 0 
— sin Boa — > 
2 2 


In 


l 


m = Boa. 


Insertion of (37), (38), and (43) into the field expres- 
sions for region 2 will then give explicit, but quite 
lengthy, expressions for these fields. 

Asa partial check on these expressions, the cases of an 
air dielectric coating (e,*=1) and a vanishing coating 
_ thickness (b=a) are considered in Appendix I. It is 
E shown there that the resulting fields are identical to the 
~ well-known results for a circumferential slot on a 
cylinder in free space. 


_ D. Evaluation of Far Fields 
Use of Wait?! gives 


m= +00 
foe, ee i 02Cm(h) Hm(uop)e"*dh. (45) 


Using the asymptotic expansion for the Hankel func- 
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where fy is the point where f’(h) =df/dh vanishes. This 
gives hy =» cos 6. Now the expression for Cm(ho) is still 
very lengthy. However for the equatorial plane (8 == 95/2) 
it simplifies considerably 


EoZolm 


en (ho) |, ig = I » (51) 


(26) (Bor)* Fez = PV. | 


where on this plane U,, and Vm reduce to 
Um = Im(Ba) Hm" (8b) — Im! (8b) Hm (Ba) 
Vin = Im(B@) Hm (Bb) — Im(8b) Hm (Ba). 
Now, noting that 
Tage ols Geena Ve Ve ae eK 


(52) 
(53) 


Fn = re Vie = (ales (54) 
E, on the equatorial plane becomes 
AV (a/b) eAPor 
Veron or? ee 
: moo Po 
(j)™ cos | —— — cos Boa — | cos mp 
ea ez, 2 
SD. —, (55) 
m=0 


(B2a2 — m?)(1 + 60”) Fuze — FV. | 
0 


tion, (69) gives for E.s in the far field aihere 
m=O Vo = Ego. 
1D SS —jmd pimn |2 Hote i 46 ; 
; oe. aed : -)) In particular, for a half-wavelength slot, ao =Ao/2, and 
where substituting for F and F’ 
mar 
4Vs(a/b) «-® y™ cos Ee | cos mp 2 
od CEs = 0d e JPor 
2) Sea x dU ; = — Vo— f(a). (6) 
eae T r m= 
i (Bota? — m?)(1 + 80”) Ee Hm) (Bob) Um — Hq" Bx8)V | 
0 
-++oo . os Core 
= athe dh (47) From the field expressions for region 2 it is seen that 
a the E,, E,, and H, components vanish identically on the 
Sth equatorial plane since they are directly proportional to 
ho 
94 1/2 ’ 
g(h) = went) | | (48) Baa Be, = 0g fore 772. (57) 
mwuhop : ; 
s Further, inspection of the magnetic-field expressions re- 
and veals 
f(h) = — [A cos 6 + uo sin a, (49) i ee = — E,/n, VF PRE (58) 


since p and z are related to 7 and 6 by (68) and (70), 
respectively. Integration of I by the method of station- 
ary phase, as discussed in Appendix I, then gives for the 
radiation axial-electric field (dropping the subscript 2 
for the radiation fields), 

e— iBor m=+00 


sin?0 >, (j)™e~"*Cm(ho) 


M>=—eo 


E, = j2B0° (50) 


ti Wait, op. cif. (342), p- 127. 


and that for 9=7/2, Hys is of order r-®. As a partial 
check it is seen that if b=a or e,*=1, (56) reduces to 
(84) as it should. 

Thus, the complete radiation fields (z.¢., the fields of 
order 1/r) in the equatorial plane for the case of a half- 
wavelength slot are given by (56) and (58). It is interest- 
ing to note (see Appendix IT) that a relatively simple ap- 
proximate solution gives the same azimuthal form for 
the radiation fields in the equatorial plane. 
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NUMERICAL RESULTS 


From (56), the effect of a dielectric coating of arbi- 
tary complex relative dielectric constant e,* and of arbi- 
tary thickness (b)—a) on the equatorial-radiation fields 
produced by a half-wavelength circumferential slot on 
such a coated cylinder can be computed. 

Computations were made for a cylinder of size 
c=B,a=3.00, having a coating of fixed thickness 
w=b/a=1.50, having various values of dielectric con- 
stant (e,*=N?, N=0.70, 1.00, 1.45, 2.10, 3.00, and 5.00) 
and for a coating of fixed dielectric constant (WV =1.45; 
e,*=2.10), and of various values of thickness (1<w 
<2.00 in increments of 0.10). 

The function f(#) defined by (56) was computed for 
values of @ from 0 to 180° in increments of 5° from 
0°-90° and in increments of 2° from 90°-180°. All the 
patterns are symmetrical with respect to ¢. The on-axis 
values of the fields f(¢) | g-o for all the cases computed 
are tabulated in Table I. These are the only tabulated 


TABLE I 
On Axis FIELD STRENGTH VALUES 
C=Bot=3.00, Bo=2m/do, N?=e,*, f(b)=|f()|e%, Vo=constant 


Number 

N w=b/a [F(#)llo-0 | 9!gu0, Degrees} oF Torng 
1.45 1.00 0.32349 69.231 12 
1.45 1.10 0.33927 68.667 12 
1.45 1.20 0.38534 64.657 12 
ees) 1.30 0.44561 53.867 12 
1.45 1.40 0.46297 37.504 12 
1.45 1.50 0.42209 24.517 12 
1.45 1.60 0.37886 16.289 12 
1.45 170 0.34384 15.505 12 
1.45 1.80 0.37129 14.144 12 
1) 45) 1.90 0.39942 7.642 2 
1.45 2.00 0.44426 359.80 12 
0.70 1.50 0.24535 85.351 15 
1.00 1.50 0.32349 69.231 15 
els TL sh@) 0.42209 Dari 7. 15 
2.10 1.50 0.32471 333.93 cS 
3.00 1.50 0.84238 278.79 15 
5.00 1.50 0.88366 1S) 2 20 


results given here to save space, but all these calcula- 
tions should be tabulated in a forthcoming company 
report. The table also shows the total number of terms 
taken in the summation. With the number of terms in- 
dicated, it is believed that at least five-significant-figure 
accuracy in both the amplitude and phase of f(¢) may 
be obtained. These computations were performed on 
the IBM 704 computer. Basically, the program for 
computation utilized the following methods: SHARE 
NU BES-3 and the technique of Goldstein and Thaler. !2 
The technique employed in this electronic computation 
was to output the results after each sum, when a sum 
was formed for each value of ¢ used. Each sum was 
then examined, and when it was evident (as ascertained 


% M. Goldstein and R. M. Thaler, “Recurrence techniques for the 
calculation of Bessel functions,” in “Mathematical Tables and Other 
Aids to Computation,” National Research Council, Washington, 
D. C., vol. 13, pp. 102-108; April, 1959. 
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by inspection of future sums) that any more summing | 
would not affect the seventh significant figure of | T(d) | _ 
the process was stopped. The time required for the IBM — | 
704 computer to process each case (#.e., each radiation | 


pattern f(@) for 0°<¢#<180°) was approximately 20 
seconds. Some cases were also manually calculated to 
serve as an initial check on the computer results. The 


manual calculations agreed within three significant fig- — 


ures with the computer calculations, since fewer terms 
were used in the manual summation. The time required 


for one manual calculation was 3 to 5 days and used © 


tabulated values of Bessel functions. 
The variation of both the magnitude and phase of 
f(¢) from these computations (the cases of N=1.45, 


w=1.10, 1.70, and 1.90 are not shown for the sake of : 


clarity) are shown plotted in Figs. 3, 4, 7 and 8. In addi- 
tion, power plots in decibels 


(ots of 20 logio [fote)) 


are shown in Figs. 5 and 6. 

From these radiation patterns it is seen from Fig. 6 
or Fig. 3 that for a fixed value of coating dielectric con- 
stant, if the coating thickness is small (1.00 <<w-1.30) 
only a small deviation in the radiation pattern from the 
uncoated case results; as the thickness increases (w = 1.40, 
1.50) more relative radiation is Concentrated in the 
back direction (6=180°); a further increase (w=1.80, 
2.00) causes sharp lobes near the back direction and re- 
duces the level of relative radiation in the back direc- 
tion. 

From Fig. 5 or Fig. 4 it is seen that for a fixed thick- 
ness, as the dielectric constant is increased (N=1.45) 
from unity, the pattern becomes broader and also the 
relative radiation in the back direction increases; a fur- 
ther increase (V = 2.10) causes sharp lobes near the back 
direction, and a further increase (V=3.00, 5.00) causes 
the pattern to become slightly sharper in the front direc- 
tion than the uncoated case, with less relative radiation 
in the back direction. 

From these results one may be tempted to form the 
generalization: for a given size cylinder with a coating of 
fixed real positive dielectric constant, there exists an 
optimum thickness for which the pattern is the broad- 
est and the relative radiation in the back is maximum 
(close to w= 1.50 for Fig. 6); conversely for a fixed coat- 
ing thickness there exists an optimum value of real 
positive dielectric constant for which this is also true 
(close to N=1.45 for Fig. 5). Fora cylinder of Boa = 3.00, 
it appears that a value of N near 1.45 and b/a near 1.50 
will provide such an optimum coating. Stated in an- 
other way, the generalization would be: for a given sized 
metal cylinder, a coating having a real positive dielec- 


4 “Bessel functions part I and part II,” in “British Associati 
Mathematical Tables,” Cambridge Universit 12 Cann Pe 
Eng., vols. 6 and 10; 1958 and 1952. Rete er 

™ Relative to the forward direction (¢=0) for the same coating. 
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tric constant can serve to appreciably enhance the rela- 
tive radiation in the back direction as well as broaden 
the pattern, if the coating is thick enough for a given 
dielectric constant or has a sufficiently high dielectric 
constant for a given thickness. However, these gen- 
eralizations would have to be verified by further numer- 
ical work. 

The radiation patterns for the specific case of a coat- 
ing having a dielectric constant of e,* =0.49, correspond- 
ing to N=0.70, are also shown in Figs. 4 and 5. This 
value could represent a lossless plasma coating of thick- 
ness corresponding to b/a=1.50. It is seen from Figs. 4 
and 5 that a monotonically decreasing amplitude re- 
sults, with less relative radiation in the back direction 
than for the uncoated case. 


CONCLUSION ° 


The radiation fields produced by a sinusoidal distribu- 
tion of axial-electric field along a circumferential slot on 
a dielectric coated cylinder have been found by an 
application of the method of Wait, with two slight 
modifications. The field expressions are very lengthy ex- 
cept on the equatorial plane where they are given ex- 
plicitly by (56) and (58) for the special case of a half- 
wavelength slot. 

_ From these equations, calculations were made of the 

equatorial-plane radiation patterns for the case of a 
cylinder of fixed size having a fixed coating thickness 
with various values of dielectric constant, and for a 
coating of fixed dielectric constant with various values 
of thickness. These calculations reveal that the equa- 
torial plane radiation pattern can be broadened, and 
that the radiation in the back direction (relative to the 
front direction for the same coating) can be appreciably 
enhanced by an appropriate choice of these two param- 
eLers: 

List OF SYMBOLS 


E=electric-field intensity, volts/meter. 
H=magnetic-field intensity, amperes/meter. 
D=electric-flux density, coulombs/meter’. 
B=magnetic-flux density, webers/meter’. 


Mo=permeability of free space=47-107" 
henrys/meter. 

€)=permittivity of free space=1/367-10° 
farads/meter. 


e,*=complex relative dielectric constant of 
dielectric coating = NV’. 

Il =Hertz-vector potential—electric type. 

Il* =Hertz-vector potential—magnetic type. 

p, ¢, 3=radius, azimuthal angle, and axial dis- 
tance, respectively, in circular cylindrical 
coordinates. 

r, 0, p=radius, elevation angle, and azimuthal 
angle, respectively, in spherical coordi- 
nates. 

a=outer radius of perfectly conducting cyl- 
inder. 
b=outer radius of dielectric coating. 
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8 =propagation factor in dielectric coating. 
8) =propagation factor in free space =27/Xo. 


do = free-space wavelength of wave-exciting | 


slot. 
Jm(x) = Bessel function of first kind of order m 
and argument x. > 
Hy» °(x) =Hankel function of second kind or order m 
and argument x. 
Tm! (%) =dI m(x) /dx = first derivative Of-Jm(x) with 
respect to xX. 
Hy! (x) =dHm (x) /dx =first derivative of Hye 
with respect to x. 
All other symbols are defined as they are 
introduced. 


APPENDIX I 


RADIATION FIELDS FROM A CIRCUMFERENTIAL SLOT 
ON AN UNCOATED CYLINDER 


Consider the case for which the thickness of the coat- 
ing vanishes, 7.e., b=a. Then 


B= poe 


C= Ae =A. (59) 
A'E! = Bi = AE— Be=0, 
Vi =O (61) 
2 
Ue fentes esa (62) 
rua ; 
AE = Bie ABS BA (63) 


TUa 


Substitution of these results into (37) and (38) gives, 
respectively, 


Gri 1 
= —— ) 64 
Om(h) b=a U0? Hm (ua) ( ) 
dm mh rm 
QOm(h) \ba AL U® Hm” (oa) (65) 


Next consider the case for which the dielectric con- 
stant of the coating is unity, ¢,*=1. Then 


B= by F=G Fac. (66) 


Substitution of these results into (37) and (38) gives the 
same results as (64) and (65), respectively. 

Thus, for the uncoated cylinder, the axial-electric 
field becomes, using (64) in (342) of Wait! and dropping 
the subscripts 


uUu = uo, 


Hm (atop) Om(h) 
E, = r| | (67) 
Hm (uoa) 
Now, 
p=rsin @. (68) 


Therefore for large values of r, and 0 sufficiently far off 
the axis, t.e.,0<@<7, as ro, po. Thus, using the 
asymptotic expansion of the Hankel function 
2 
Bn) y~ —> eit eit |4eimm 2 


(x >>m?), (69) 


N ovember a 


(60) -| 


| 


q 
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and using This restriction is made so that the assumed field dis- 
= 1 cos 8, (70) tribution over the slot can be more readily realized, and 
is used throughout this paper. This gives for J 
gives 
‘ I e~ iBor Eozoe?* 41m 4 6 i] 
[eae a ; > 1 (80 
if, = +2 eid git |Agimn/2] (71) ¢ 2x? Hy, (Boa sin 6) eS : cD 
; RRS Therefore, the axial-radiation field, the field of order 
_where J is given by (47) and here 1/r, is 
mie 05) Egy eter mate gine 2T ems 
g(h) = 4/ ’ (72) E.(r, 8,6) = J ae d (2) : ASD) 
TU dP Am (ua) us if m=—o He (Boa s1n 0) 
and where f(x) is given by (49), where Now, noting that Jo, =in, 6 = (— ler? ang 
eae He (73) H_m® (x) =(—1)"Hn® (x), (81) can be written as 
; » ¥ 5, —jBor ; gm | 2 
_ It is now noted that since the fields must be bounded  £,,(r, 6, 6) =7 CES eee ay?) 
_ that the factor e~™*i"? (which represents wave propa- RT mmo (Log), (Soe sin 8) 
_ gation in the p direction, which in region 2 can only be \ here 
a outward going) must be bounded. Therefore, since the 
th factor is e?¢ -coi 1 m= 0 
4 ime factor is et, to have an outward-going bounded bo" = as Re oneck endelin fanchian® 
_ wave we must choose i) to be 0 m<0 
A re eae 1 for | ho | are Weg the special case of a half-wavelength slot, 
| wm = —jV/le— Be for |h| > Bo, (74) x 
2 ; ’ : ago — (83) 
_ where / is a real variable varying from — © to +. 2 
For large values of 7, the integral J can be asymp- nee say th , 
 totically evaluated by the method of stationary phase.” ee ss a 
- The result is [for g(h) and f(h) sufficiently regular and —2Vo(Boa) e~ #0" 
Ee f'’ (ho) ~0| E.(7, 0, ) ee ees, ®, 
, oe, 
ae ‘r mar 
I= A glhjet dh (j)™ cos cos mp 
ae a 2(Goa) (84) 
207 1 ‘ Dye Aw) m (2) ; ; 
= e406) 4/ = 10 (—), (75) mad (Bora? — m?)(1 + 80”) Hm (Boa sin 4) 
, rf" (ho) f where Vo=Eoz)=voltage across the center of the slot 
4 where fy satisfies and where, if m =Gca, then the ratio 
f'(h) [nary = 0. (76) mr 
cos 
Therefore, here 2Boa tree 
$ : ho = + Bo cos 0 (77) (Bra a m*) m=8 a 4(Boa)? 
x 1 In the far field, use of (342), (343) and (344) of Wait? 
: ; *. flo) = — Bo fo) = ——— then shows that the spherical radial components of the 
Bo sin? 6 field are negligible compared with the 6 and ¢-com- 
to |nony = Bo Sin 0. (78) ponents, hence 
* —E, 
Thus, using (43), and restricting our interest to the Ey =e (85) 
~ case where the height of the slot be small so that sin 0 
_ (hoz _ (Boz Therefore, 
sin m2 sin oe cos 6 -2V9(Boa) «i 
= (ih) Pe 
2 ~ 1, oe ae 
hoz0 (= ) a sin 0 r 
coe cos 0 
( a ) 2 mr 


1)™ cos cos m' 
(7) = v 


: , . C : 86) 
16 G. Toraldo Di Francia, “Electromagnetic Waves,” Interscience oD Sian = (2) : ( 
Publishers, Inc., New York, N. Y., pp. 30-38; 1955. mao (Go2a? — m?)(1 + 80") Hm (Boa sin 8) 
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The E, component can be found by eubenicaene (64) 
and (65) into (343) of Wait.! Then noting that in the far 
field 


1 


aH, 2) (ua) | 


(87) 


Eales. 
pH m2) (uoa) 


and performing a similar stationary phase integration, 
we derive for a half-wavelength slot, the circumferen- 
tial-radiation field 


—j2Vocos6 e*or 
3 a sin” 0 Cae 

ON mT . 
m(j)™ cos Aa sin mp 


0 


(88) 


Peace 


oa? — m) Hm" (Boa sin 6) 


Inspection of the magnetic-field expressions then gives 


Es 
Hy=—:; (89) 
No 
and 
= Bs 
ip = : (90) 
n0 
where 
no = Vuo/€o. (91) 


Eqs. (86)—(90) for the radiation fields of a noncoated 
cylinder agree identically with the well-known results. ' 
Calculations of the radiation field patterns for this un- 
coated case for cylinders of various radii have been re- 
ported. 1718 


APPENDIX II 


APPROXIMATE SOLUTION FOR THE RADIATION FIELDS 
FROM A CIRCUMFERENTIAL SLOT ON A METAL 
CYLINDER COATED WITH A Lossy 
DIELECTRIC 


To obtain an approximate solution it will be assumed 
that no axial variation of the fields exists, 


0, = 0, (92) 
and that 
Ha = Hy» = 0. (93) 
Maxwell’s curl equations 
VX Ay = jweve,* Ey (94) 
V X Ae = jwenEs, (95) 


16 Wait, op. cit., p. 44. 

Wi Tbid., psd. 

18C, M. Knop and A. R. Battista, “Calculated equatorial plane 
radiation patterns produced by a circumferential slot on a cylinder,” 
IRE Trans. ON ANTENNAS AND PROPAGATION (Communications), 
vol. AP-9, pp, 498-499; September, 1961. 
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then give 


En = Eo = Eg. =S Ege = 0 


1 
jere*En = — [0,(pHe1) — dsH1| 
p 


1 
— [8,(eHs2) — OH sal, 
p 


que ize = 


and Maxwell’s second curl equations 


V x Ey —— iia jJopoH, (99) 
VX Ep = — jopohhe, (100) 
then give 
fn = OgE a (101) 
JOP 
1 
A, = —— OgE 22 (102) 
J@Hop 
Het ==—— 0, Es (103) — 
J@Ho 
1 
Hy: = — 0, L222 (104) 
JO 


Using (101)—(104) in (97) and (98) gives 


November | 


1 1 
On Eat se = Opa + pace Og? Ea =| BEA = (105) 
p p> 
and 
1 1 5] 
0, Ear —— Opler as Og? E22 + BoE. = 0, (106) |} 
p p~ 
which have the respective solutions 
Ea = = An! [Jm(Bp) “F Bm! Hm© (Bp) | cos m¢, (107) 
m=0 
and 
Ez. = Y- Cn'Hm® (Bop) cos me. (108) 
m=0 
Therefore, 
(et, > An! Un! (6p) + BuHn®"(8p)] cos me, (109) 
| WKLO m=0 
and 
Hyg. = ~ > Cn! Hm! (Bop) cos md. (110) 
JOO m=0 
Using the tangential boundary conditions 
En = oa j 
at ==ab. ueial 
A 51 = 52 ‘: ( ) 


1961 
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the Hankel function, and substituting for J, gives 
AV (a/b) — e~ Bop @ jn[cos moo/2 — cos Boado/21 cos mo 
22 = Pare G : B Z : , (115) 
Po m= 
‘ (Bo7a? — m*) (1 + 60”) fe iw )Q8 00) Cig = Ha (8b) 
0 
ay = Fs specifica = (32) of the text, at p = a, (112) where 
to evaluate Cm’, Bm’, Am’, gives, for Cm’ iw , D iT 2 
Gm petty / = = gintty/ 7) 16) 
Eo 20 I 7 L 1 (Bop) if, Tor 
J ag eee (Bob) since p=r when 0=7/2. 
Ca Fe ’ (113) 


iB Hy (Bob) Um — Hm" (Bob) V-| (1 + 60”) 


0 


where Im, Um, and Vm are as defined in the text, and L is 
an arbitrary length, such that L>2o. Therefore, 


ara (=) 2 
Sige x? XL} (B08) 


: 2 Imm (Bop) cos me 


. (114) 
a i Hm (Bob) Um — Hm” (Bob) V| (1 + 50”) 


0 


It is noted that if no dielectric is present, 7.e., if b=a or 
¢,*=1, (114) reduces to the known approximate solu- 
tion! for the case of air surrounding the cylinder, if L is 
chosen equal to zo. Using the asymptotic expansion for 


19, C. Jordan, “Electromagnetic Waves and Radiating Sys- 
tems,” Prentice-Hall, Inc., New York, N. Y., p. 598; 1950. 


The exact solution, given by (55) and the above ap- 
proximate solution are then related by 


E,2(r, 1/2, ®) approximate 
E(r, w/2, @) exact 


where, for a given 7, G is a constant. 

Thus the form of (115) is seen to be the same, except 
for the constant factor G, as for the exact solution (55), 
as far as the dependence on ¢ is concerned. This would 
indicate that the far field dependence on 2, and there- 
fore on 0, when near the equatorial plane is very small. 


=. (117) 
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Radiation from a Radial Electric Dipole near a Long Finite 
Circular Cylinder* 


HANS H. KUEHLf, MEMBER, IRE 


Summary—By use of the currents on the infinite cylinder excited 
by a radial dipole, approximate expressions for the two components 
of the far-zone electric field of a radial electric dipole near a perfectly 
conducting finite cylinder are derived. The validity of the approxima- 
tion depends on the conditions, kl,>>1 and kl,>>1, i.e., the cylinder 
must be long compared to a wavelength. The expressions are initially 
in integral form but it is shown that they may be evaluated approxi- 
mately over most of the range of @ by use of the saddle point method. 
The theoretical results are compared to experimental results for a 
particular cylinder. 


I. INTRODUCTION 


HE determination of the far-zone radiation from a 
radial electric dipole near a finite perfectly conduct- 


ing cylinder is of interest from both a theoretical 


and a practical point of view. From a theoretical aspect, 
the problem presents a distinct mathematical difficulty ; 
the surface of the perfectly conducting cylinder cannot 
be described by assigning a constant value to one of the 
coordinates. A rigorous solution to the problem is, there- 
fore, very difficult since the boundary condition of zero 
tangential electric field must be imposed over parts of 
two different coordinate surfaces. However, if the cyl- 
inder is long compared to a wavelength an approximate 
solution to the problem can be obtained; the method of 
approximation is described in Section III. 

The effect of a long finite cylinder near a radial dipole 
is of interest to the antenna designer because of the 
common occurrence of antenna systems in which a lin- 
ear antenna is located near or supported by a conduct- 
ing body. Examples are stub antennas on aircraft and 
linear antennas on space vehicles. In many cases the 
conducting body is more or less cylindrical so that the 
expressions for the finite cylinder can be employed for 
an approximate solution. 

Closely related to the present problem is that of the 
radiation from a radial dipole near an infinite cylinder 
which has received the attention of various authors. 
Carter! derived expressions for the far-zone radiation 
from dipoles of various orientations near an infinite con- 
ducting cylinder using the principle of reciprocity. In a 
later paper, Lucke? obtained essentially the same re- 
sults using the Green’s function method. Moullin® has 
related results in his book and LePage, Harrington and 


* Received by the PGAP, February 9, 1961; revised manuscript 
received, July 22, 1961. The research reported in this article has been 
sponsored by the ONR, Electronic Branch, under contract Nonr 
228(16), NR 372-561. 

} Dept. of Elec. Engrg., University of Southern California, Los 
Angeles, Calif. 

1 P. S. Carter, “Antenna arrays around cylinders,” Proc. IRE, 
vol. 31, pp. 671-693; December, 1943. 

?W.S. Lucke, “Electric dipoles in the presence of elliptic and cir- 
cular cylinders,” J. Appl. Phys., vol. 22, pp. 14-19; January, 1951. 

§E. B. Moullin, “Radio Aerials,” Oxford University Press, Ox- 
ford, Eng., ch. IV; 1949. 


Schlecht,4> and Walsh® consider similar problems. A 
radial dipole in a cylindrical wedge region is considered 
by Wait’? and theoretical and experimental radiation 
patterns in the principal plane are compared. 

The configuration of interest here is an asymmetrical 
structure; the exciting dipole is not necessarily situated 
in the plane equidistant from the two ends of the cyl- 
inder. Therefore the radiation pattern is not necessarily 
symmetrical about the midplane of the system. 


Il. THe INFINITE CYLINDER EXCITED BY A 
RADIAL DIPOLE 


It will be necessary in the approximate treatment of 
the long finite cylinder to have available the expres- 
sions for the currents on the infinite cylinder. The in- 
finite cylinder of radius a excited by a radial dipole at 
radius b is shown in Fig. 1. Using a cylindrical coordi- 
nate system (Fig. 2) with the cylinder axis and the z- 
axis coincident and the dipole at p=b, ¢=0, the mag- 
netic field at the surface of the cylinder (9 =a) can be 
shown to be 


Mw ad Qa H,' (8b) 
H = = m ae) PEE 
o(p = a) Aq? ae lala 
2 H,,(8b 
Lm a ened cosm@p (1) 
Bab Am’ (Ba) 
1iMw © 
IAG = 
(p ) eer 


H,,(8b) 


1 = . 
. ‘ ' fa H,'(Ba) e aah sin mp (2) 


where WM is the dipole moment, the time dependence is 
taken to be et, R=w/ye, B=V/P—a2, em=1 for 
m=0 and €m=2 for m#1, and H,,(x) is the Hankel 
function of the first kind of argument x. The contour 
of integration is shown in Fig. 3. The surface current 


densities on the cylinder are then 
ko = Hep =a) Ky = = fp a) (3) 


and the currents on the cylinder are completely deter- 
mined. 


* W. R. LePage, R. F. Harrington, and R. F. Schlect, “A Study 
Pee oa ‘ce pyres for Radio D/F Purposes,” Inst. of 
ustrial Kes., Dept. of Elec. Engrg., Syr. iv. 
N. Y., September 15, 1949, SE ae 
SAR, 1, Harrington and W. R. LePage, “Directional antenna ar- 
rays of elements circularly disposed about a cylindrical reflector,” 
Proc, IRE, vol. 40, pp. 83-86; January, 1952. 
" J. E. Walsh, “Radiation patterns of arrays on a reflecting cylin- 
er, Proc. IRE, vol. 39, pp. 1074-1081; September, 1951. 
J. R. Wait, “Electromagnetic Radiation from Cylindrical Struc- 
tures,” Pergamon Press, New York, N. Y., pp. 76-87; 1959, 
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INFINITE 


Pee CYLINDER 


Fig. 2—Coordinate system. 


Fig. 3—Contour of integration in a-plane. 


z=le 
By 

ae 

y 7121, 


Fig. 4—Finite cylinder with radial electric dipole. 


Ill. THE FinitE CYLINDER EXCITED BY A RADIAL 
DreoLeE; THE METHOD OF APPROXIMATION 


The determination of the far-zone field of a finite 
cylinder, 7.¢., a cylinder not of infinite extent in the +2 
direction, when excited by a radial electric dipole pre- 
sents greater difficulty than the case of the infinite cyl- 
inder. The case of the finite cylinder involves compli- 
cated boundary conditions in that the tangential elec- 
tric field must vanish over parts of two different co- 
ordinate surfaces. As shown in Fig. 4, the tangential 
field must vanish at p=a for —h<2<h and also at z=/,, 
aie torp <4. hese boundary conditions introduce 
considerable complications and usually the solutions to 
problems of this sort involve some method of approxi- 
mation. 

Frequently the far-zone field expressions for the in- 
finite cylinder are used as an approximation to the case 
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of a finite cylinder. However, this procedure yields poor 
results, especially near the axis of the cylinder where 
the expression for the 6-component of the electric field 
of the infinite cylinder actually diverges.! Also the minor 
lobes which are found to exist for the finite cylinder of 
small radius are not predicted in this approximation. 

In order to carry out a more accurate approximate 
solution to this problem the current distribution on the 
finite cylinder will be taken identical to the distribution 
on the infinite cylinder. The procedure is as follows: 
First the current distribution on the infinite cylinder is 
determined. Then the portions of the infinite cylinder 
above z=/, and below z=—/, are removed with the 
assumption that the current on the remaining portion 
of the cylinder is unchanged. The far-zone field of this 
unchanged portion of the current between —i and /, is 
then computed and added to the field of the dipole to 
obtain an expression for the total far-zone field of the 
configuration. A similar approximation has been used 
by Meixner® in treating the radiation from a slit in a 
finite plane. 

This approximation neglects higher order current 
modes generated by the discontinuities at the ends of the 
cylinder and also the reflected waves from the ends. 
Since the cylinder is assumed to be long, the neglect of 
the higher order modes is not serious since these in gen- 
eral attenuate rapidly away from the cylinder ends and 
do not contribute appreciably to the radiation. It would 
seem that the neglect of the reflected current wave from 
either end of the cylinder is more serious. However, it 
can be shown by evaluating (1) and (2) by the saddle 
point method for large kz that the currents on the in- 
finite cylinder attenuate with z at large distances from 
the origin. Specifically it can be shown that the follow- 
ing two proportionalities hold: 


etkz 
ara (4) 
"Ga 
ka? 
sin de**? 
WG Ct pa (S) 
(kz)? 


where K, and Ky are the z- and ¢-components of the sur- 
face current densities on the cylinder. The amplitude of 
4 current wave reflected from either end of the finite 
cylinder must be of the same order of magnitude as the 
amplitude of a wave which impinges on that end. Since 
the impinging waves are given by (4) and (5) it is evi- 
dent that the reflected wave will be small as long as the 
ends of the cylinder lie at large kz. The major portion 
of the radiation will then be produced by the unper- 
turbed current of the infinite cylinder in the region 
—I,<¢<lp and the preceding approximation is justified 
for the conditions k/z>1 and k/,>>1. 


8 J, Meixner, “The radiation pattern and induced current in a 
circular antenna with an annular slit,” IRE Trans. ON ANTENNAS 
AND PROPAGATION, vol. AP-4, pp. 408-411; July, 1956. 


548 


IV. Tue FINITE CYLINDER EXCITED BY A RADIAL 
DIeoLe; THE APPROXIMATE SOLUTION 


The far-zone radiation field of the radial dipole near 
a finite cylinder will now be derived using the approxi- 
mation discussed in Section III. The physical configura- 
tion and coordinate systems are shown in Fig. 5. The 
field is to be calculated at an arbitrary point P. The 
field due to the current on the cylinder will first be 


DIPOLE 
AT as: 


p=b 
z=0 
=0 


Fig. 5—Finite cylinder with dipole and coordinate systems. 


derived and the dipole field will be added to give the 
total field. The far-zone ¢é-component of electric field due 
- toa surface current density K flowing over an area A is? 


dep e*" en 
Es = K(p', 6’, 2') se 
Aor A 


where eg and e, are unit vectors in the ¢- and r-direc- 
tions, respectively. For the cylinder of Fig. 5, (6) be- 
comes 


1wqae™" 
ee —f. ae Hie = OCs =p) 


gat (6) 


x ek [a cos (¢’—@) sin 0+2’ cos dd’ dz’. (7) 
Substituting (2) into (7), one obtains 
Mo oae*" 0) 2Qar ; 
Ey = ————— mf sin m¢’ cos (¢’ — ¢) 
82r°rb m=1 0 
- etka cos (¢/—@) sin dd’ 
(8b) 
x ut | = eee! e—ihe! cos 9dadz'. 8 
-1J ¢ BaH»’ (Ba) . 


It can be shown that the first integral in (8) is given by 
Qa 
f sin mo’ cos (o’ my ) etka cos (¢’—) sin dd’ 
0 


= 2n(—i)""| sin moJm' (ka sin 6). 
Thus (8) becomes 


(9) 


9S. Silver, “Microwave Antenna Theory and Design,” McGraw- 
Hill Book Co., Inc., New York, N. Y., pp. 87-90; 1949, i wade 
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2 ikr © 
Ma nee moi 


Pay 4n?’rb  m=1 
ail lea Hn (6b) —____ giaz’ g—ikz' cos §dadz’, 
_14,4%¢ BaH,' (Ba) 


Performing the integration over 2’ in (10) and making 


the substitution a=kh, one obtains 


Mk ikr © i =i. 
Ey = : >> m(—i)™ sin moJn' (ka sin 6) ~~ 
Ameqrb mai 


{ =." iklg(h—cos 0) _ etki (h—cos 6) 
f ey, sel g' —— ln (11) 
, Hm! (kav/1 — h?)+/1 — h?(h — cos @) 


where the contour C’ is shown in Fig. 6. Adding the 
contribution to EZ, from the dipole alone, the total ¢- 


Fig. 6—Contour of integration in h-plane. 


component of the far-zone field becomes 


Mke*" ; Ba 
Foret =—. E sin ge t*? sin 6 cos¢@ 
Areor 
ih 
ae ane sin mJ m’ (Ra sin 6)Vm | (12) 
TO m=1 
where 


Ay (kbV/1 _ h?) [eikl2(h—cos ) _ p—tkli (h—cos | 
a fe 
o Hm'(kav/1—h?) /1—h?(h—cos 6) 


The far-zone 6-component of electric field due to a 
surface current density K is?® 


dh. (13) 


a 


(i) = 


= K+ ege-#" rg A! 
A (14) 


where eg and e, are unit vectors in the 6- and r-direc- 
tions, respectively. For the cylinder of Fig. 5, (14) -be- 
comes 


aoa 
eee 
= 


ek [a cos (¢’—@) sin 0+2’ cos dg’ dz’ 


Ey = a) sin @ 


(15) 
Substituting (1) into (15), one obtains 


iMw*uoa sin be*" @ Qe 
+ etka cos (¢’/—@) sin 8d’ 
LES Ba 
c H,(8a) Bab H. oe 


. eit?! e—the! cos 9dadz' . 


Ky = — 


(16) 
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It can be shown that the first integral in (16) is given by 


Qn 
it COS Mae, 2 008 "—s) sin A)! 
: 0 


= 2r(—1)" cos moJm(ka sin @). (17) 


Thus (16) becomes 


iy = — 


Oh ual 


1M ua sin be*" @& 


8rrr 


Em(—1)™ CoS MOI m(Ra sin 4) 


m=0 
lt re ta fA 2 

x if =| (8d) _m | 
-yu/c¢ BaLHn(Ba) 8?ab Hm'(Ba) 


jz ei! e—tke! cos 6 dadz’. 


(18) 


_ Performing the integration over z’ and letting a=kh, 
~ one obtains 


a 


4 n= 
res 


~ MER sin be* : 
——— )) ém(—i)™ cos moJn(Ra sin 6)y¥m (19) 


Srreor = mao 


where 
h eo — h?) 
Hm(kav/1 — h*) 
Se m? Hn(kbvV/1 — h*) 
k2ab(1 — h?) Hn'(kav/1 — al 


[ et#l2(h—oos 9) — g-tkli(h—cos 6) 


x dh. (20) 


(h — cos @) 


- Adding the contribution to Es due to the dipole alone, 


the total -component of the far-zone electric field be- 
comes 


Mke%* ; : 
jae = cos 6 cos ge ik sin 9 cos @ 
Ateor 
Sin) <= < : 
— DS €m(—1)™ cos moIm(ka sin drm. (21) 
TN m=0 


It should be noted that in deriving (12) and (21), 
fields due to currents which flow on the end plates of the 
cylinder have been neglected. This is a good approxima- 
tion for long cylinders because the currents which flow 
on the end plates are of the same order of magnitude as 
the currents which flow near the ends of the cylinder on 
the cylindrical surface itself. These currents were 


- shown to be small so that the neglect of radiation from 


the end plates is justified. 

Eqs. (12) and (21) are the desired expressions for the 
two components of the far-zone field. They are, how- 
ever, not simple to evaluate because of the integrals, 
Y,, and Ym, appearing in each expression. If results exact 
to the order of the approximation of Section III are de- 
sired, an electronic computer can be used to evaluate 
WV, and Ym. On the other hand, since kh and kl, are 
large, the saddle point method can be applied; this 
method of attack is followed in the next sections. 
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V. EVALUATION OF Yo 


In many cases of interest the quantity ka is small 
enough so that only the first term in the series of (12) 
and (21) is significant. This will be assumed to be true 
throughout the remainder of this paper. Thus (21) be- 
comes 


Meet? 
Eotot — | co 6 cos ge ih sin @ cos ¢ 
Tr Er 
sin 6J (ka sin 0) 
= ‘|. (22) 
ar 


It will also be assumed that kb is small, z.¢e., the dipole 
is near the cylinder. From (20), Yo is given by 


i h «Ad! (kbv/1 — B) 
yo = = ——— 
vee gyri We Hal baw eae) 


[ eikl2(h—cos 9) — g-ikli(h—cos 9] 


(h — cos 8) a a 


where the contour C’ is shown in Fig. 6. Eq. (23) may 
be divided into two parts: 


Yo = Yor + Yo (24) 
where 
2 Hi (kbV/1 — h2) eit 2 i-e08 6) 
fe f ens dh (25) 
o V1 — W? Ao(kav/1 — h?)(h — cos 6) 
and 
h Hy (kb afl — Be) etki (h—cos 6) 
sk f are dh, (26) 
o V1 — W Ho(kav/1 — h*)(h — cos 8) 


It must be noted that although the integrand of (23) 
has no pole at 4=cos 6, the integrands of (25) and (26) 
do because of the separation of the original integral Yo. 
For this reason it is necessary to use the same contour, 
passing either above or below the point h=cos @, in the 
evaluation of Yo and Yo2 although this was not essen- 
tial in evaluating yo. The contour passing below h=cos 0 
will be used; yo. will be considered first. 

Since the exponential factor in the integrand of (25) 
vanishes on a circle of large radius in the first and second 
quadrants of the /-plane, the contour C’ may be de- 
formed into the contours C; and C2 as shown in Fig. if 
if the point 4=cos 6 does not coincide with the branch 
pomt f= 71. Branch cuts extend from the points 


h-plane Cy 


BRANCH CUT 


BRANCH CUT] 
~m 
x 
8 
aD 
tt 


Fig. 7—Deformation of C’ into G, and C2. 
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h= +1 so that, as shown in Fig. 7, the integral along 
C’ may be considered as an integral around the pole at 
h=cos 6 and along both sides of one of the branch cuts. 
The contribution from C,; may be evaluated at once 
from the theory of residues to yield 


2nicos@ Ho’ (kb sin 6) 
H (ka sin @) 


Th ; 
sin 0 


h Ho (kb/1 — he) etbl2 -c08 8) 
o, V1 — B Ho(kav/1 — h®)(h — cos 6) 


+ dh. (27) 


In order to evaluate the integral along C; by the saddle 
point method, the integral of (27) is written 


Ho (kbv/1 — h?) cbf 
dj ES ag ae (28) 
Cy Ay(kav/1 — h?) 
where 
f(h) = th — i cos 0 
1 
=e 5 [Inh — 41n (1 — #2) — In (kh — cos@)]. (29) 
2 
The condition for a saddle point is 
fi) = i+ S| + 
=) 
oe hls Ve be an 
oO 
(ho — cos Al oy) 


where hp is the location of a saddle point. Eq. (30) may 
be written 


(ho? — cos 6) 


ho(1 — ho?)(ho — cos 0) = — 
0 0 0 ills 


(31) 
Eq. (31) is a quartic and is difficult to solve in general. 
However, since kl, is large, (31) exhibits that the roots 
lie near h=0, +1 and cos 6. The only saddle points 
which could possibly be crossed by the contour C, are 
those near h= +1 and h=cos 0. Near these points (30) 
simplifies, since the terms 1/9 and 1/2(1+4)) are much 
smaller than 1/2(1—ho) and 1/(ho—cos 8) so that in solv- 
ing for these saddle points, (30) becomes 


+1=0. (32) 


= be : hae. Ons — Al 


Solving (32), one obtains 


1 
iy = =| 1 + cos 0+ 


2tkl» 


1 
+ (fa — cos @)? — fi: (1 — cos 6) — Mal Fi (33) 


In the region in which cos 6 is not near +1, the inequal- 
ity 


6 ae a (34) 


2 
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holds so that the binomial expansion of the radical in 
(33) may be employed to yield 


0+ 


tRls 


howl 
y Bereta 


where the first two terms of the expansion have been re- 


tained. The saddle point at 4) ~cos 0+1/zkl, does not 
lie in the path of integration so that the only contribu- 


tion to the integral over C, comes from the saddle point ~ . 


ho~1+1/2ckl. The general formula for a saddle point 
integration is!® 


2r 
het“dh = dh “0 4] 36 
ke e eye ae!” (ho) Cy 


where a is a large quantity, fo is the location of the sad- 
dle point, f’’(Z) is the second derivative of f(i) and 
o(h) is a slowly varying function near the saddle point. 
From (28), 6(/) is slowly varying for the assumed condi- 
tion of small ka and kb. From (30) 


1 1 
fee svleee 1—m?' 244+? 


eae 
ee (37) 


Using (37) and (34), neglecting higher-order terms, one 
obtains f’’(ho) ~ —2kl_ so that (36) yields for the inte- 
gral (28) 


f Hy (kb\/1 — hi?) 
c, Ho(kav/1 — h?) 


Hy (1 (/ =) eiklz(1—cos 9) ./er 
Rly 


"Tin(iny/ 2) 


where higher-order terms in f(Mo) and »/1—h,? have 
been neglected. Since kJ, is large the arguments of the 
Hankel functions in (38) are small so that the small 
argument approximation, 


eke Hdh 


ie G=/-F 
Rly 2 Rly 2 


10 P. M. Morse and H. Feshbach, 


“Methods of Th : 
” McGraw-Hill Book Co., Inc., erin MCL an 


New York, N. Y., p. 441; 1953. 
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can be used where y=1.781. Using (39), (38) becomes 
f Hy (kbx\/1 — h?) 
ee El ON) dp 

ce. Ho(kav/1 — h*) 


iv/er eikl2(1-cos 8) 


k ° . 
kb(1.— cos 4) [in (= =) f =| 
2 Rly 2 
Qiv/er eikl2(1-cos 8) 
Akl j 
: _ Rb(1 = cos 8) [n( : ) i =| 
; ka? 2 


Substituting this expression into (27), one obtains 


271 cos 6H)’ (kb sin 6) 


. ect 
: .: sin 0H (ka sin @) 

a Qiv/em etkl2(l—eos 4) 

: ms (41) 
4 - AR] var 

4 kb(1 — cos 6) E (=) + =| 

7k? a? 2 


_ Inorder to evaluate Yoo, it is observed that the contour 
_C’ can be deformed into the contour C; (Fig. 8) since 
_ the exponential term in the integrand disappears on a 
circle of large radius in the third and fourth quadrants. 
_ Again, the saddle point method is applied and it is 
- found that for the condition 


(1 + cos is Uy seta (42) 
kh 
4 the only contributing saddle point lies at 
i ees Be pie (43) 
2ikl; 


_— 


- Using (36) to evaluate Yo2, one obtains 


Qiv/er gikli(1teos 4) 
oo - (44) 


4kly ir 
kb(1 + cos @) E (a) a =| 


Adding (41) and (44) yields 
{ 2ni cos OH’ (kb sin 8) 
ny sin 0H (ka sin @) 


Vix/er eikla(1—cos 6) 


4k] ir 
kb(1 — cos 6) E Ge + A 


Qiv/ er eikli (1+cos 6) 


AR; lr 
kb(1 + cos 0) E (saa) = ry 


(45) 


This expression is valid in the region expressed by the 
inequalities (34) and (42) which are the mathematical 
statements of the conditions that cos # not be near +1. 

The region designated by (34) and (42) takes in the 
greatest portion of the range of cos 6 if kl; and Rly are 
‘large. In addition, there are two-other regions in which 
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Yo may be evaluated. One occurs when cos @ is near 
unity for which 


1 — cos@ 
>| (1 — cos 6)? — waa 00) (46) 
A(Rls)? tRly 


since under this condition the radical of (33) can again 
be approximated by the first two terms of the binomial 


expansion to yield 
2-+ cos é 1+ 2cosé 3 
hy = —————— 5 


3 3 Dikl, 


(47) 


One of the saddle points now lies on the real axis be- 
tween the two poles at h=cos 6, 1 and the other lies 
approximately below it as shown in Fig. 9. The correct 


h- plane 


+ [BRANCH CUT 


ena H a ) 
1 
O° Be 
ow 


Fig. 8—Deformation of C’ into C3. 
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Fig. 9—Contour for cos @ near unity. 


direction of traversal of the second saddle point proves 
to be parallel to the real axis so it is clear that for the 
condition (46) the correct contour in evaluating Yo1 is Cs; 
only one saddle point is crossed when cos @ is very near 
unity. Since cos @~1, the saddle point under considera- 
tion is given by 


ho = 1+ 48) 
; Dik, ( 
Computing the saddle point contribution with 
f'' (ho) = —2l2/3, one obtains 
(ae 
yen (BG) 
é WT LU tklo 
‘Hol = = (49) 


4/3 / =e H (i = | 
a — 

ii se a ikls 

Using the small argument approximation for the 


Hankel functions, one obtains 


—4¢3/2 \/m ble 


3/3 ale Akl» ) = z| 
37k? a? 2 


YO = (50) 
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Eq. (44) for Yoz is still valid in this region but will be 
neglected since it is an order of magnitude smaller than 
Yo. Thus 
—4e8)2\/a hls 
ie Akl» in 
34/3 kb E Ga + =| 

in the region given by (46). Similarly in the region in 
which 


Yo) = (51) 


(1 + cos @) 
SS | (i cos.0)2 = (52) 
ay ikl, 
Yo is given by 
Soe 
ee 4e /1 Rly Ad (53) 


Se ( Akl, + =] 
3 ee ee a 
[ 3y7k?a? 2 
Thus the integral yo has been evaluated in three 
separate regions comprising most of the range of cos 8. 


Fo tot is obtained by substituting the value of yo appro- 
priate to the value of cos @ into (22). 


VI. EVALUATION OF WV; 


For the case of small ka, (12) for the ¢-component of 
the electric field becomes 


Mke**" ; 
liver ———— [ sin ge ikb sin § cos ¢ 
Atreor 
i sin oJ;'(ka sin 0)V, 
i | (54) 
ab 
where 


Hy(kbv/1—h?) [eitla(—cos 8) — g—ikli (h—cos 0) 
Hy! (kav/1—h?)V/i—h? (h—cos 6) 


dh. (55) 


vif 
Cc’ 


This integral can be evaluated in the same manner as 
was used to evaluate yo. The integral is again split into 
two parts 


VS Vie i (56) 
where 
Hy(kbv/1 — hh?) etk!2 (ics 0) 
Wi Ab pan (7) 
o Hy (kav/1 — h?)/1 — (hk — cos 6) 
Hy(kbV/1 —_ h®) e— eh (hos 6) 
a if dh. (58) 
o Hy (kav/1 — h*)V/1 — h(h — cos 6) 


In the region defined by (34) and (42), Vi is composed 
of an integration around the pole at h=cos @ and an 
integration along both sides of a branch cut as in Fig. 7. 


IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 


The integration around the pole can be evaluated by | 


the theory of residues so that 


2riH;(kb sin 0) tae 
H,'(ka sin @) sin @ 


oN 


Ay(kbv/1 a Bret oe 6) 
: J, Hy (kav/1 — h*)/1 — W(h — cos) 


The integral of (59) can be evaluated by ‘the saddle — 


point method. However, it will be neglected since upon 
evaluation it proves to contain the factor 1/kl, and is 
therefore an order of magnitude smaller than the first 
term on the right of (59). Similarly, Vie is negligible so 
that 

2riH,(kb sin 6) 


v= (60) 
’ H,'(ka sin @) sin 6 


in the region defined by (34) and (42). 


In the regions defined by (46) and (52), the saddle 
point method yields the result 
(ka)2iex/ 2m . 
——— 61 b 
; kb (cg 


Thus, to this order of approximation, VW; is independent | 
of ki, and kz. Eytot is obtained by substituting the | 
value of VY, appropriate to the value of cos @ into (54). — 
In the range defined by (34) and (42) it can be shown — 
that the expression for E% tot is identical to that of the © 


infinite cylinder. 


VII. COMPARISON WITH EXPERIMENT 


For the case of the dipole contiguous to the cylinder, 
ka=kb, measurements of Fe tot and Ez tot can be easily 
made since the radiating system is then closely approxi- 
mated by a short radial stub antenna on a cylinder. In 
comparing such measurements to the theory presented 
here, the quantities kl; and kl, must be known very 


accurately because of the exponential manner in which ~ 


they appear in the expression for Yo [see (45) |. 
The experimental configuration used is shown in 
Fig. 10, in which the exciting dipole is simulated by an 


November | 


dh. (59) | 


extension of the inner conductor of a coaxial line. This ~ 


is a good approximation to the theoretically analyzed 
problem if the radius of the outer conductor of the 


coaxial line and the length of the stub are small com- — 
pared to a wavelength. These conditions were satisfied — 


since the diameter of the coaxial line was approximately 
4/100 and the length of the stub was approximately 
OpP27A; 

The measurements were carried out on a cylinder 
which had k=5.236, kl2=10.472 and ka=0.6317. 


Even though the conditions R/,>>1 and kl>>1 are not | 


well satisfied, the experimental and theoretical radia- 
tion patterns agree sufficiently to warrant comparison. 
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Fig, 10—Experimental simulation of dipole near cylinder. 
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Fig. 11—Ey tor vs 0 for ¢=90°, kl =5.236, 
kl>= 10.472, ka = 0.6317. 
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Theoretical and experimental patterns of Eo tot for 
¢=90° are shown in Fig. 11. The theoretical results are 
shown in the regions given by (34), (42), (46) and (52) 
which in this case were taken to be OP. 752, 
A5° <0 <115°, 144° <@<180°. For angles not contained 
in these regions, the expressions derived previously do 
not apply although they may be used there as an ap- 
proximation. Since kl, is twice Rly, it is expected that (45) 
will be most accurate in the region where the term con- 
taining kl is least in magnitude since the condition 
klo>>1 is better satisfied than kh>>1. Similarly, (51) is 
expected to yield more accurate results than (53) for 
this case. Since the term involving kl, is least in the 
range 0° <0 <90°, this portion of the radiation pattern is 
expected to be the most accurate. Accordingly, since 
only the relative amplitude of Esto: was measured, it 
was adjusted to give the best agreement with the the- 
oretical pattern in the range 0° <9 <90°. It is seen from 
Fig. 11 that the agreement is quite good in this range ex- 
cept near the minima. This is probably due to the fact 
that the higher-order terms in the series of (21) have 
been neglected and also because the radiation from the 
end plates of the cylinder has not been included. The 
agreement in the region 90° <6< 180° is not as good and 
is attributed to the fact that Estot is more dependent 
on kl, through (45) and (53). It is expected that the 
agreement would improve for larger kh. 

The general characteristics of the Esto pattern at 


~~ 


EXPERIMENTAL 


O-~-=--0 THEORETICAL 
[Moet \ — 


180 7o 160 150 


Fig. 12—Eg¢ tot vs 8 for 6=90°, kl, =5.236, 
ls =10.472, ka =0.6317. 


¢=90° for other cylinder lengths are quite similar to 
those of Fig. 11. In general, there are two large lobes 
near the axis of the cylinder which grow larger and lie 
closer to the axis as the cylinder length increases. In 
addition, there are a number of smaller lobes which are 
produced by the second and third term of (45). The 
magnitudes of these minor lobes decrease and their 
number increases as the cylinder length increases. 

The theoretical and experimental patterns of EZ, tot 
are shown in Fig. 12. The experimental amplitude was 
adjusted for a good fit and it is seen to agree quite well 
throughout the whole region. 


VIII. CoNCLUSIONS 


An approximate expression for the far-zone field of a 
radial dipole near a finite cylinder has been derived. The 
results can be used to predict the radiation from such a 
configuration under the condition kl.>1 and ki>>1. In 
the case of small ka and kb, the expressions for the field 
components are evaluated in three regions of the vari- 
able 0, and assume different forms in each. 
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IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 


ELF Waves in the Presence of Exponential Ionospheric 
Conductivity Profiles* 


JANIS GALEJSf, MEMBER, IRE 


Summary—Based on the theory of Nicolet and Aikin, the profile 
of ionospheric conductivity exhibits a nearly exponential variation 
with altitude through the D layer and the lower edge of the E layer. 
Propagation of ELF waves below this exponential layer is considered 
after calculating the surface impedance Z, at an altitude h where the 
local refractive index n does not necessarily satisfy |n|>>1. The 
propagation constant is determined by an iteration process. This 
model of an isotropic nonhomogeneous ionosphere is a closer ap- 
proximation of the propagation geometry than are earlier models, 
where Z, was defined at h where |n|>>1. The present model accounts 
simultaneously for ELF attenuation rates as measured by Jean, 
and earth-ionosphere cavity resonances as observed by Balser and 
Wagner. 


I. INTRODUCTION 
\ MODEL of a sharply-bounded homogeneous ion- 


osphere is simplest to analyze and is commonly 

used in investigations of VLF and ELF propaga- 
tion.'~* However, this model does not account for meas- 
ured attenuation characteristics. The ionospheric model 
of exponentially increasing conductivity has been in- 
troduced in mode theory by Shmoys* in an analysis 
that is based on the differential equations for hori- 
zontally-polarized waves. An ionosphere which consists 
of several homogeneous layers has been described by 
Wait.>7” It has been possible to construct two-layer 
models that provide reasonable agreement with meas- 
ured attenuation rates over a limited frequency range.® 
The exponential model of Wait,>-":? where the refractive 
index ” changes exponentially after a sudden transition 


* Received by the PGAP, May 1, 1961; revised manuscript re- 
ceived, June 26, 1961. This research has been supported by the 
Office of Naval Research. 

{t Applied Research Lab., Sylvania Electronic Systems Div., 
Sylvania Electric Products, Inc., Waltham, Mass. 

1K. G. Budden, “The propagation of very low frequency radio 
eee to great distances,” Phil. Mag., vol. 44, pp. 504-513; May, 
1953 


2W. O. Schumann, “Uber die Ausbreitung sehr langer elek- 
trischer Wellen und der Blitzentladung um die Erde,” Z. angew. 
Phys., vol. 4, pp. 474-480; December, 1952. 

3 J. R. Wait, “The mode theory of VLF ionosphere propagation 
for finite ground conductivity,” Proc. IRE, vol. 45, pp. 760-767; 
June, 1957. 

4J. Shmoys, “Long-range propagation of low-frequency radio 
waves between the earth and ionosphere,” Proc. IRE, vol. 44, pp. 
163-170; February, 1956. 

5 J. R. Wait, “Extension to mode theory of VLF propagation,” 
J. Geophys. Res., vol. 63, pp. 125-135; March, 1958. 

6 J. R. Wait, “Terrestrial propagation of VLF radio waves—a 
theoretical investigation,” J. Res. NBS, vol. 64D, pp. 153-203; 
March-April, 1960. 

7J. R. Wait, “Mode theory and the propagation of ELF radio 
waves,” J. Res. NBS, vol. 64D, pp. 387-404; July-August, 1960. 

8 A. G. Jean, Jr., A.C. Murphy, J. R. Wait, and D. F. Wasmundt, 
“Propagation attenuation rates at ELF,” J. Res. NBS, vol. 65D; 
September—October, 1961. 

9 J. R. Wait, “On the propagation of ELF radio waves and the 
influence of a nonhomogeneous ionosphere,” J. Geophys. Res., vol. 65, 
pp. 597-600; February, 1960, 


from n=1 in the atmosphere to 2>>1 at the lower 


ionosphere edge, accounted for measured attenuation | 


rates!” only by using more gradual changes of the refrac- 
tive index than those obtained from ionospheric profile 
data." In an alternate approach,” the attenuation rates 
calculated with a homogeneous ionosphere may be 
brought into agreement with measured data’? by defin- 
ing a frequency-dependent ionosphere altitude, which is 
tailored to fit measured attenuation rates. 

For frequencies below 100 cps, the attenuation of the 
ELF waves is low, and it has been possible to observe 
earth-ionosphere cavity resonances.:* The frequencies 
of resonance which are calculated with neglected cavity 
losses®:5 are higher than the measured ones. The use of a 
model of a homogeneous sharply-bounded ionosphere 
having a frequency-dependent height and conductivity 
may give the correct resonant frequencies.‘* However, 
the losses introduced by this model are so high that the 
calculated cavity Q is approximately 2.5 times lower 
than the measured one.'’ 

In this paper, an attempt will be made to incorporate 
an ionospheric model in the mode analysis which is based 
on established ionosphere characteristics and which pro- 
vides a reasonable agreement with measured attenua- 
tion rates of ELF signals*° and with ELF resonance 
measurements.!?:4 

An examination of ionospheric profiles (Section II) 
indicates that the exponential model provides a good 
representation of the conductivity o through the lower 
edge of the D and E£ regions. As long as the ELF signals 
do not penetrate beyond the E region (this does not 
take into consideration possible whistler-mode signals) 
the exponential increase of o that is assumed in this 


10 F, W. Chapman and R. C. Macario, “Propagation of audio fre- 
quency radio waves to great distances,” Nature, vol. 177, pp. 930- 
933; May, 1956. 

1 Wait’? shows that an ionosphere where the refractive index x 
increases by e=2.72 in Ah=30 km gives measured nighttime at- 
tenuation rates.!9 However, it will be shown later that measured 
D- and E-region profiles exhibit Ah ~4 to 6.5 km which would result 
in too low an attenuation when applying Wait’s theory. 

®E. T. Pierce, “The propagation of radio waves of frequency 
less than 1 kc,” Proc. IRE, vol. 48, pp. 329-331; March, 1960. 

18M. Balser and C. A. Wagner, “Observations of earth-ionosphere 
cavity resonances,” Nature, vol. 188, pp. 638-641; November, 1960. 

4M. Balser and C. A. Wagner, “Measurements of the spectrum 
of radio noise from 50 to 100 cycles per second,” J. Res. NBS,-vol. 
64D, pp. 415-418; July-August, 1960. 

® W. O. Schumann, “Elektrische Eigenschwingungen des Hohl- 
raumes Erde-Luft-lonosphire,” Z. angew. Phys., vol. 9, pp. 373- 
378; August, 1957. 

’® H, R. Raemer, “On the extremely low frequency spectrum of 
earth-ionosphere cavity response to electric storms,” J. Geophys. 
Res., vol. 66, pp. 1580-1583; May, 1961. 

“This follows from the ionosphere parameters used by Raemer!® 
and from the Q; expression listed in Section VI of this paper. 
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model above the E layer would not affect the propaga- 
tion below the ionosphere. The exponential variation of 
o continues well below the height / where the refractive 


index | 2| =| +/1+/(iweo) | >>1. The solutions of the dif- 


ferential equations that characterize propagation in the 


ionosphere and that are discussed in Section III should 
be valid also for values of 2 which do not satisfy the 


above inequality. The effects of the ionosphere on the 
propagation below it are considered by a surface im- 
pedance at a height where the conduction currents may 


_ be smaller than the displacement currents (¢<we). This 


surface impedance depends on the propagation con- 


- stant of the waves below the ionosphere. The roots of 


the modal equation and the attenuation constant are ob- 
tained by an iteration procedure as shown in Section IV. 
The atmospheric conductivity due to cosmic-ray ioniza- 
tion exhibits an exponential profile between the ground 


and the lower edge of the ionosphere, which was also 


shown in Section II. The additional attenuation due to 


~ these losses is calculated as in waveguide filled with 


slightly lossy dielectric (Section V). The earth-iono- 
sphere cavity resonance frequencies and Q factors are 
discussed in Section VI. 

The effects of the earth’s magnetic field have not been 
considered in this paper. The presence of the magnetic 
field tends to increase the attenuation of the fields in 
particular if the longitudinal component of the gyrofre- 
quency is large as compared with the collision frequency 
of electrons at the reflecting layer of the ionosphere.’ 
This may affect the accuracy of the calculated night- 
time data. 


Il. lonosPHERIC MODEL 


Ionospheric conductivity, 


€oWp” Ne 


oi = = 2.83 X 10 


Vv 


, (1) 


(w,=plasma frequency, v=collision frequency, Ne 
—number of electrons per cm’) may be computed 
based on collision-frequency data of Nicolet!® and 
Moler,!? daytime electron density by Nicolet and Aikin”® 
and Waynick”! and nighttime electron density of the 
ARDC standard ionosphere,” as indicated in Table I. 
According to the theory of Phelps, the ionospheric con- 
‘ductivity figures should be approximately 30 per cent 


18 M. Nicolet, “The collision frequency of electrons in the terres- 


- trial atmosphere,” Phys. of Fluids, vol. 2, pp. 95-99; March-April, 


59. . 
e 19 W. F. Moler, “VLF propagation effects of a D-region layer 


produced by cosmic rays,” J. Geophys. Res., vol. 65, pp. 1459-1468; 
1960. : 
ae M. Nicolet and A. C. Aikin, “The formation of the D-region of 
the ionosphere,” J. Geophys. Res., vol. 65, Fig. 4, pp. 1469-1483; 
1960. : 
age H. Waynick, “Present state of knowledge concerning the 

lower ionosphere,” PRoc. IRE, pp. 741-749; June, 1957. 
2 USAF, “Handbook of Geophysics,” Air Res. and Dey. Com- 
mand, AF Cambridge Res. Ctr., Macmillan Co., New York, N. Y.; 


1960. 
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TABLE I 
CALCULATION OF IONOSPHERIC CONDUCTIVITY 
. Day Night 
km a 1 NG C; Z oi 
cm=4 mho/m Cire mho/m 

50 1.4(8) 1.1(1) 2.1(—9) 

55 7.6(7) 5(1) 1.8(—8) 

60 4 .2(7) 1(2) 6.4(—8) 

65 DIX) 2(2) 2.5(—7) 

70 1 7) 3.5(2) 8.9(—7) 

75 4 .9(6) 9.1(2) 5.1(—6) 

80 2 .2(6) 153) 1.9(—5) 

85 1.2(6) 2(3) 4.7(—5) 

90 5(5) 1(4) 5.6(—4) 1 5.6(—8) 
95 2.5(5) 4(4) 5.1(—3) 

100 7.9(4) 1(5) 2.8(—2) 3(1) 1.1(—5) 
110 2(4) 1.6(5) 2.3(—1) 2(3) 2.8(—3) 
120 5(3) 6.5(3) 3.7(—2) 
130 1(4) 

a(n) =a X10" oi =2.83 X102N./v 


lower than those indicated by (1) for low frequencies.” 
In the presence of the earth’s magnetic field the conduc- 
tivity becomes anisotropic.% Calculations of the refrac- 
tive index 2 which consider electrons or electrons plus 
ions and ignore the collision effects show that the pres- 
ence of ions tends to make the refractive index more 
isotropic, particularly at frequencies below 1 kc.” The 
same conclusion applies when collision effects are taken 
into account, and the refractive index n, which is com- 
puted for altitudes h <70 km, differs insignificantly from 
the refractive index which is based on electrons in the 
absence of the earth’s magnetic field. Eq. (1) will be 
used in the present conductivity calculations, although 
it may be subject later to modifications. The conduc- 
tivity of the atmosphere due to cosmic-ray ionization 
has been calculated and experimentally verified.?” The 
resulting conductivity figures have been depicted by the 
solid curves in Fig. 1. The conductivity profiles may be 
approximated by 


o = oo exp [A(z — 20) ]. (2) 


For daytime, ¢9=10-* mho/m, 20=70 km, B+*+=3,25 
km, which gives the line indicated by dots and dashes 
in Fig. 1. For nighttime, o)=10~° mho/m, 2)=95.5 
km, B-!=2 km, which gives the dashed line of Figy 1. 
The cosmic-ray ionization curve is approximated by 
letting ¢)=10-° mho/m, 2.=50 km, Bt =7.25 -kmein 


(2). 
The refractive index m= V/1+¢/(tweo) will exhibit an 


23 A.V. Phelps, “Propagation constants for electromagnetic waves 
in weakly ionized dry air,” J. Appl. Phys., vol. 31, pp. 1723-1729; 
October, 1960. 

“4 J. A. Ratcliffe, “Physics of the upper atmosphere,” Academic 
Press, New York, N. Y., sect. 9.3, pp. 392-397; 1960. 

% C. Q. Hines, “Heavy-ion effects in audio-frequency radio propa- 
gation,” J. Atmos. Terr. Phys., vol. 11, no. 1, pp. 36-42; 1957. See 
Fig. 1. 

a Private Communication by Dr. R. Row, Appl. Res. Lab., 
Sylvania Electronic Systems, Waltham, Mass. 

27 R. E. Bourdeau, E. C. Whipple, Jr., and J. F. Clark, “Analytic 
and experimental conductivity between the stratosphere and the 
ionosphere,” J. Geophys. Res., vol. 64, pp. 1363-1370; October, 1959. 
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Fig. 1—Conductivity profiles and their exponential approximations. 


exponential variation for | 7| >1 with half the slope of 
the o curves. Excluding the cosmic-ray ionization of 
Fig. 1 from consideration, x will increase by a factor of e 
in a vertical increment Akh=4 to 6.5 km as was indi- 
cated." Similar Ah figures are also obtained from other 
D-layer profiles.?8 


III. SurFAcE IMPEDANCE OF THE IONOSPHERE 


It follows from Maxwell's equations and from the 
equation of continuity that the vertical electric-field 
component £, in a vertically-stratified lossy medium of 
complex dielectric constant 


o 
i ora 


10 


(3) 


is of the form 


Ez = Z(z)e-thortiot, (4) 
where x is the direction of propagation of the vertically- 
polarized fields below the dielectric medium. Z(z) satis- 
fies the differential equation 


Al el FNS: 
a+ 2+ | west + (2) a] z=0. &) 
€ 


(3 € 


With £, determined, the field components /, and H, 
follow from Maxwell’s equations as 


ia 6) 
E, = —— — (cF,) 


6 
tRo€ OZ ( ) 


8 J. A. Fejer, “The interaction of pulsed radio waves in the iono- 
sphere,” J. Atmos. Terr. Phys., vol. 7, no. 6, pp. 322-332; 1955. See 
Fig. 4. 
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(7) 


The field components (4), (6), and (7) will be examined, — ) 


first, for an exponentially increasing refractive index 
n= +/e/e, and second, for exponentially increasing con- 
ductivity o. ae 

For exponential variation of the refractive index n, 
the variable in (5) is changed from z to 


clams ele ns (8) 
€0 
This results in 
2 kun = ko? 
Z"(u) + —Z'(u) + ——— Zw) = 0, (9) 
U u’B? 
where 
k= ov, Meo. (10) 
A solution of (9) is?%30 
Z(u) = An K, (iw) (11) 


where K, is the modified Bessel function of the second 
kind of order. 


(12) 


and where 
w = 2kn/B. (13) 


For |w|<1 the first-order approximation of the K, 
function shows that 
Econ. (14) 


Substitution of (11) in (4) and in (6) and (7) results in 


E, wo 1 Ky_1(iw) 8 Asa 
= ee re 
HH; 6 n K,(tw) Ziwen nn? 
For w<1 (15) may be approximated by . 
E, /u k 2k 
= 4/2 =| 2i(0.116 In 
Nak «9 B B 
paeten | 16 
2 ik®n? | oy 


29 E. Jahnke and F. Emde, “Tables of Functions,” Dover Publi- 
cations, New York, N. Y., p. 146; 1945. 

39 E. Kamke, “Differential Gleichun en,” Chel Publishi 
Co., New York, N. Y., p. 440; 1948. : ae 


ee eee ee en a clin cnet apeatng et tle rye : - ad — a lies . 
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The ratio (15) or (16) which represents the surface 
impedance of the exponential ionosphere differs from 
(13.15) of Wait® by the last term, which becomes small 
for |n|? large. 

For an exponential variation of the ionospheric con- 
ductivity o the variable in (5) is changed from z to 


oO 
y = — = Bes, (17) 
WE 
_ This results in 


ZY (0) + F(v)Z'(v) + G(2)Z(v) = H(v)Z(), (18) 


where 
1 
CN came (19) 
1 v i \4 
ic v ef, + v =i ( + =| | (20) 
H(v) = ee : (21) 


The solution of the homogeneous equation (H(v) =0) 
will be considered first. Its power-series solution may 


_ be summed into 


4 


d 
t+ 


gi = (22) 


_ which satisfies the homogeneous equation for any value 
of v. For | H (€) <| G(v) | , i represents an approximate 


4 solution of the nonhomogeneous equation. This in- 
- equality is satisfied for 
k Deen in k? 2 B 
SEAS args (23) 
B° B? k 


A second solution of the homogeneous equation is ob- 
_ tained as* 


o2 = 6: [or exp | - [rea dy 


% Inv — iv (24) 
itv 
The solution of the nonhomogeneous equation is given 
by*! 
oiHZ o2HZ 
Z() = Al oto f doo f W dv}, (25) 
where. 


W = dib2' — $1'¢2. | (26) 


m IBid,, p. 117. 
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As long as ¢1 represents an approximate solution of the 
nonhomogeneous equation, it may be used for Z under 
the integral signs. This results in 


ae A ko” 
(v) — In i + v) + iZ] 
hk? — ko? E (ase ol 
- — (In 
B Vv Vv no| 
+5G+o ya) eee Dy, (27) 
where 
2 In (@ + 2) 
T= f os ear dv, (28) 


and where K and L are arbitrary constants. Substitu- 
tion of (27) in (6) and (7) shows that 


H, €9 
_ ho” Ke 
=i fin +0) = Ino] +h (29) 


The models of exponential refractive index ” and con- 
ductivity o differ insignificantly for | | >1. Hence, the 
constant K of (29) may be determined by equating (15) 
and (29) for ||>>1. With 


Se (ine 1 


In(@g+)-—-Inv=— >> <3 4(30) 
m=1 m v 
this results in 
K Ky. 
See =f) Ini e Vi Kale) (31) 
k? kv/v K, (iw) 


With |w| =2k|n|/B8<K1, an expansion of the Bessel 
functions gives 


For | 2 | >1, K of (31) is not constant and the solution 
(27) of the differential equation (18) becomes inaccu- 
rate. The function ¢: of (22) is no longer an approximate 
solution of the nonhomogeneous equation. A solution 
more accurate for | w| >1 may be obtained by substitut- 
ing Z of (11) in the integrals of (25). These calculations 
will not be carried out since the present development em- 
phasizes the case of | w| =2k/B(1+07)*#<«1. For v<i 


(iv) (33) 


nG+o=2-D = 


m=1 
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Substitution of (32) and (33) in (29) gives 


mM bo FR 2k wr Rk? + ko? 
ae # <lai(o.16 - n=) += 
H, « 8B B 2 k 
he? ape ke 2 (iv)™ 
ma rt eo ale (34) 


The validity of (29) and (32) are restricted by the in- 
equality (23). For B=1/3.25 km and f=1000 cps, 
v should satisfy 0.46 X10°<«v<«15. 


1V. PROPAGATION IN A LOSSLESS ATMOSPHERE 


The propagation constant in the space between earth 
and ionosphere is 


vo = ike = ikS = a + 78. (35) 


For a homogeneous ionosphere of refractive index n, that 
is much smaller than the refractive index of the ground 
m,, the first-order perturbation solution of the modal 
equation gives for the zero-order mode,” 


Stee 
te ac): 
khn; Ny 


where / is the height of the ionosphere. In the presence 

ofa nonhomogeneous ionosphere, one may define an 
equivalent homogeneous ionosphere of refractive index 
n° which exhibits the same surface impedance Z; as the 
nonhomogeneous ionosphere. It follows from the discus- 
sion of the Appendix that for 2,°>>1, 


(36) 


Ho 
WA 


(n;*)? ~ = y (37) 
Examination of (29) and (34) shows that Z; is also de- 
pendent on S=k)/k. In order to adapt an iteration pro- 


cedure for solving (36), it is rewritten as 


sa f= /1-[ 2]. 


The subscripts of S designate the successive iterations 
and the procedure may be started with S)=1 in the 
right-hand side of (38). 

The attenuation constants a; are calculated from (29), 
(34), (35), (37), and (38), and are shown in Figs. 2 and 3 
for an ionosphere which is sharply bounded at an alti- 
tude h where v=a(h) /(weo) =const. The curves in Fig. 2 
show that significant contributions to @ are made by 
ionospheric layers where v<1. The curve indicated by 
dots and dashes is obtained using (15) and (16) for the 
surface impedance with n?=10/7. It differs from the 
v=10 curve at the higher frequencies where the in- 
equality (23) is not satisfied strictly. 


® This can be verified by substituting R, = 1 and R; ~exp (—2Z;/n) 
in (54) where Z; is given by (58). 
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ATTENUATION CONSTANT a.- db/1000 kw 
HEIGHT h ~1km 


FREQUENCY - CPS 


Fig. 2—Daytime attenuation constants for an ionosphere of exponen- 
tial conductivity profile which is sharply bounded at h where 
V=o(h)/wey=const. 


ATTENUATION CONSTANT a= db/1000 kw 
HEIGHT h = km 


10 20 50 100 200 — 500 1000 


FREQUENCY - CPS 


Fig. 3—Nighttime attenuation constants for an ionosphere of ex- 
ponential conductivity profile which is sharply bounded at kh 
where V=o(h)/weo=const. 


The roots of the modal equation S and the attenua- 
tion constant @; are shown in Figs. 4 and 5 for an 
ionosphere which is sharply bounded at h=const. Ac- 
cording to Fig. 1, the heights kh may be selected as 
hasy ~50 km and Anignt =90 km. 


V. LossEs DuE TO Cosmic-RAy IONIZATION 


The cosmic-ray ionization?’ will also contribute to the 
attenuation of ELF radio waves. The atmospheric con- 
ductivity that is due to cosmic-ray ionization can be 
approximated by an exponential curve of a gradient 
which is smaller than that for ionospheric conductivity. 
The over-all conductivity profile in Fig. 1 can be repre- 
sented by two exponential curves, which suggests a two- 
region problem for a proper analysis of wave propaga- 
tion. Provided that the atmospheric losses are small, 
the ionospheric fields can be assumed to be locally un- 
perturbed by the former losses. The additional attenua- 
tion of the fields due to atmospheric losses (attenuation 
constant @,) can be calculated as in a waveguide filled 
with a lossy dielectric. Such calculations will result in a 
correction of the attenuation constant a=—k Im S, 


ee whe eet Pee ae ema hart tl ale pata 


5 10 20 20 100 200 500 i000" 
FREQUENCY = CPS 


Fig. 4—Roots of the modal equation S for an ionosphere of expo- 
nential conductivity profile which is sharply bounded at h= 
const. 


ATTENUATION CONSTANT a - db/1000 km 


FREQUENCY - CPS 


Fig. 5—Attenuation constants for ionosphere of exponential con- 
ductivity profile which is sharply bounded at h-const. 


but will not change the phase constant 6=k Re S. This 
limitation of the approximate procedure will become 
- noticeable under conditions where the atmospheric 
losses a, are comparable to the ionospheric losses a; 
computed from Sections III and IV. It follows from 


» waveguide considerations that 


ath 
{ oE: E*dr 
eh 5 


—e ath 
2 Re i (E X H*)-1edr 


ath 
if o | E,!?dr 


= (39) 
ath 
—2Re f E,H*dr 


for E,;<E,. The variation of Z, with altitude may be de- 
termined from — 


(o + iweo) EH, = const. (40) 
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H, is related to E by 


1 i ey eeeyor 
a0 ar 


Hy = fe (41) 


1wr 1wua oo 


As long as the atmospheric losses do not affect the 6 de- 
pendence of £,, 


E, ~ (sin 0)~°* exp (—iwa0S/c), 


where JS is determined for a lossless atmosphere. For 
c cot v/(2iaS)<«1, this gives 


ae, (42) 


which can be also obtained from (13) and (15) of Wait.” 
Substituting (40) and (42) in (39) and evaluating the 
integrals after changing the variable of integration from 


r to o gives 
tan“! \ | 
ey eae \1 - eal 
a(0) 2 WED 


where o(z)=o};-a42 and where o(0)/(we)<1. For 
a(h)/(weéo)<K1, (43) simplifies to 


a) 1 
“a 2c Re S 


, (43) 


Ae 


o(h) (/= | 
~ In 
2 Re S €0 


Ag ~ 


o() > 
: = (44) 


which also may be obtained by substituting E,=const. 
instead of (40) in (39). For o(h)/(weo)>1, (43) is ap- 


proximated by 
(0) a 
Qa © —_|- n i "| (45) 
4c Re 1S WE 


When it is assumed that H, and £, are related by 


H o + Wwe 
re? /—— (46) 
E, IW 


the evaluation of (39) shows a, to be the same as in (44) 
and (45), but with Re S=1. For intermediate values of 
o(h) there are insignificant numerical differences be- 
tween the a, figures based on (42) or (46), provided 
Re S=1. 

In daytime, o(50)~10-!? mho/m and a,<0.025 
db/1000 km. The calculated nighttime a, figures are 
shown in Fig. 5 for (90) ~10-§ mho/m. The attenua- 
tion constant a, <1.4 db for f<1000 cps, but a, >a; at 
the lower frequencies. The roots of the modal equation 
S, which have been determined with a,=0 and have 
been used in a, calculations, are inaccurate for a >ai. 
The nighttime atmospheric losses appear to be compar- 
able with ionospheric losses for f <400 cps and a more 
exact treatment of the propagation problem may be de- 
sirable for these frequencies. 
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VI. EARTH-IONOSPHERIC CAVITY RESONANCES 


The frequencies of the earth-ionosphere cavity 
resonances may be calculated for a uniform cavity 
from® 


| n(n + 1) — (kaS)? | = min, (47) 


where a is the earth radius. The roots of the modal equa- 
tion S which have been computed for a lossless atmos- 
phere in Section IV should be corrected for the atmos- 
pheric losses discussed in Section V. With S different 
during daytime and nighttime, one may use the average 
value of S in (47). As pointed out in Section V, the 
calculated nighttime S figures are inaccurate; hence, a 
more exact determination of the day and night effects 
will not be made at present. The resonance frequencies 
calculated from (47) using daytime S and the average of 
day and night S figures are summarized in Table II. 


TABLE II 


RESONANCE FREQUENCIES OF THE SPHERICAL SHELL 
BETWEEN THE EARTH AND IONOSPHERE 


n 1 2 3 4 5 

Lossless cavity®!® 10.6} 18.3] 25.9) 33.5] 41.1 
> 
& | Daytime with h=50km_ || 8.3|14.2]20 | 25.8] 31.7 
5 
ary Average data of day with 
f © | h=50km and of night with 
9-2 | h=90 km OMG AS 53) 2202 8eiis4-0 
ash 
eg Daytime with o(h)/weo=1 
B =const. 8 13.8| 19.5) 25.4} 31.3 
fa 

Measurements 8 14.1) 20.3] 26.4 | 32.5 


The ionospheric and atmospheric losses are accounted 
for by defining separate Q factors in analogy with micro- 
wave cavities.** The Q factor due to ionospheric losses is 


Ren; Re n; 
1 C Mil N de Ni |" \ni 
Q; w Naas te Mnight 


This factor considers only the losses due to the funda- 
mental cavity modes. The losses due to the higher modes 
which are excited by the height discontinuity between 
day and night hemispheres can be shown to be negligi- 
ble.** The Q factor due to atmospheric losses is 


1 2 fo: Etdr 
=i - (49) 


wey f E+ Btdr + ono [ HHtar 


33 J. C. Slater, “Microwave Electronics,” D. Van Nostrand, Co., 
Inc., New York, N. Y.; 1950. 

34 J. Galejs, “Resonator Type Oscillations Between the Earth 
and Ionosphere and Effects of Ionosphere Height and Conductivity 
Changes Between Day and Night Hemispheres,” Appl. Res. Lab., 
Sylvania Electronic Systems, Waltham, Mass., Internal. Mem.; 
July 5, 1960. 
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Evaluating the integrals, using the same approximations 
as in Section V, gives 
night } 


Ba 24 tan ie 
aL c + SS*) E oa eS =n (1 + =.) 


oa hast 


a a(h) 
an 


day WED 


a 


day 


a(h) 1 
+4 (1+ SS*) [in in (1 a 


a(0) 2 
Numerical values for the combined Q factor 
1 1 1 
=e ee (51) 
G- Qs Os 


are shown in Table III for daytime and combined day- 
time and nighttime data. 


TABLE III 
Q Factors oF EartH-IONOSPHERE CAVITY RESONANCES 


f in cps 10 30 =: 100 


Day with h=50 km, night with h=90 km 


-+cosmic-ray ionization. 622°. 6.3 '9eee 
Daytime only with h=50 km. 120 Sohal 
£ | Day with h=45 km, night with h=90 km 
5 af 
# | +cosmic-ray ionization. 5.3). 52d) One 
3 
in Daytime only with h=45 km. 453" (4 4.3 
io) 
Day and night with o(h)/weo= 1 =const. 
-++cosmic-ray ionization. 5.37 Go eemonG 
Daytime only with o(h)/wes=1=const. || 3.8 4.8 5.7 
Measurements! - 6 


VII. Discussion 
A. The Conductivity Profiles 


The conductivity profiles calculated in Section IT and 
depicted in Fig. 1 have been based on the set of electron- 
density and collision-frequency data shown in Table I 
without considering effects of ions and of the earth’s 
magnetic field. Although the data are believed to repre- 
sent average daytime conditions, it may be desirable to 
consider the variation of electron density with geomag- 
netic latitude and solar zenith angle and to construct 
the daytime conductivity profile with a suitable averag- 
ing process. There are indications that the gradual taper 
of the electron density through the lower edge of the D 
laver continues below the height h=50 km, indicated in 
Fig. 1, down to approximately 45 km (see Fig. 5 of 
Moler!®). The daytime data for h=45 km in Figs. 4 and 
5 are included to show the effect of such an extension of 
the D layer. The nighttime electron density of Table I is 
based on a single curve.” More detailed data are desir- 
able in particular for heights below h=90 km. The 
cosmic-ray ionization?’ appears to provide a continua- 
tion of the nighttime ionosphere. The exact shape of the 


| 
| 
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nighttime conductivity curve below h=90 km is im- 
portant for frequencies below 400 cps, where a signifi- 
cant part of the attenuation is due to losses in the lower 
layers according to Section V. 


B. The Attenuation Rates 


The attenuation constants a are plotted in Figs. 2 and 

3 for an ionosphere which is sharply bounded at a 

hypothetical frequency-dependent altitude h, where 

v=o(h)/we)=const. The increments in a, between the 
plotted curves, characterize the amounts of losses intro- 
duced by various ionosphere layers. It is seen that layers 
where v <1 give significant contributions to the attenua- 
tion constant and must be considered if they appear in 
the ionospheric model. It is not permissible to neglect 
ionospheric layers of refractive index | 22| <| m02| >>1. 

_ The attenuation constants a; for an ionosphere which 
is sharply bounded at a height 4=const. are shown in 
Fig. 5. The daytime ionosphere of the conductivity pro- 

file, shown in Fig. 1, is assumed to be bounded at 
h=45, 50 or 55 km. The difference of the attenuation 

rates between the curves is, in per cent, higher at the 
lower frequencies. This indicates that the ionosphere 
- model of exponential conductivity is particularly sensi- 
_ tive to changes in the ionosphere height (or to changes in 
the conductivity at the lower ionosphere edge) at the 
lowest frequencies. The nighttime ionospheric attenua- 
tion constant a; is smaller for f<350 cps than the at- 
mospheric attenuation constant Qa, which considers 
- jonized layers of h<90 km. The procedure used for cal- 
~ culating a, in Section VI is not accurate for a, >a;. The 
sum of a, and a; gives only a qualitative indication of 
nighttime attenuation rates. 
A comparison between calculated and measured at- 
_ tenuation rates is shown in Fig. 6. The experimental 
data of Jean* are approximated by daytime a, curves of 
_h=const., where 50 km <h<55 km. The measurements 
of Jean® provide lower attenuation constants than do 
early Chapman and Macario" data, obtained by less ac- 
curate techniques. The nighttime a=a,+a; curve for 
_ h=90 km provides a fair agreement with Chapman and 
Macario!® data. 


C. Earth-Ionosphere Cavity Resonances 


The resonance frequencies computed from the ex- 
ponential ionosphere model are compared with the 
’ measured frequencies® in Table II. Using only daytime 
data with either #=50 km=const. or a(h)/weo=1 


=const., the calculated resonances differ by 1 cps or less” 


from measurements. Combined daytime and nighttime 
data provide a less accurate agreement. It follows from 
(47) that the shifts of the resonance frequencies are de- 
termined principally by the real parts of the modal 
equation roots S, which are inversely proportional to 
phase velocity. A significant part of the nighttime losses 


are due to layers of h<90 km. The procedure used for 
calculating these losses in Section V does not provide 
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—$\—_ CALCULATIONS [Day 
__—— —__ MEASUREMENTS BY / 
CHAPMAN & MACARIO h = 50 km 


*—*—* ~— MEASUREMENTS BY / 7. 
JEAN 


ATTENUATION CONSTANT a -db/1000 km 


0 
30 50 100 200 300 500 1000 


FREQUENCY - CPS 


Fig. 6—Comparison of theoretical and experimental attenuation 
constants. Ionosphere of an exponential conductivity profile. 
Daytime h=50 and 55 km, nighttime 4=90 km. 


corrections for Re S. This causes increased discrepancies 
between measured and calculated resonance frequencies 
if one attempts to use the combined day and night data. 

The calculated and measured Q factors of individual 
cavity resonances have been listed in Table III. The 
best agreement with the measurements is provided by a 
daytime ionosphere of o(h) /wéo=1=const. Combined 
day and night data result in Q figures that are too high 
at the lower frequencies. Daytime data for #=const. 
exhibit Q figures that decrease with frequency contrary 
to observations.” 

In view of the deficient nighttime data, the best 
model for representing the earth-ionosphere cavity ef- 
fects is the daytime ionosphere which is sharply bounded 
at a frequency-dependent height / where o(h)/wéo= 
1 =const. 

The above ionosphere model is useful for calculating 
the terrestrial extra-low-frequency noise spectrum. The 
results of these calculations, which follow the general 
pattern of Raemer’s analysis,” will be reported else- 
where.* 


D. Limitations of the Present Analysis 


The observed daytime and nighttime attenuation 
rates have been satisfactorily explained with the model 
of the exponential ionosphere which is bounded at 
h=const. The approximate method which was used for 
calculating the nighttime losses due to cosmic-ray 


ionization below h did not account for expected changes. 


in phase velocity or in the real part of the modal equa- 
tion root S, which caused difficulties in computing the 
earth-ionosphere cavity resonance effects. The approxi- 
mation of the nighttime conductivity profile by two ex- 
ponentials along the lines suggested in Section V and 
the solution of the resultant two-region problem are re- 
quired for refining the ionosphere model proposed in 
this paper. 

% J. Galejs, “Terrestrial extremely-low frequency noise spectrum 


in the presence of exponential ionospheric conductivity profiles,” J. 
Geophys. Res., vol. 66; September, 1961. 
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The propagation constant of the fields is dependent 
on the structure of the lowest ionized layers, in particu- 
lar at the lowest frequencies. Further studies of the 
ionospheric day and night conductivity profiles may 
necessitate some changes of the proposed model. Such 
studies should consider also the effects of ions and of the 
earth’s magnetic field. 

The exponential ionosphere model was used for fre- 
quencies below 1000 cps, but it should be applicable also 
to frequencies in the VLF range. The VLF analysis will 
be more involved if the first-order perturbation solution 
of the modal equation is considered inaccurate, and if 
higher-order approximations are used for the radial-field 
distribution. 


APPENDIX 


EQUIVALENT REFRACTIVE INDEX OF A 
NONHOMOGENEOUS BOUNDARY 
MEDIUM 


The mode characteristics in the space between earth 
and ionosphere may be calculated after determining the 
surface impedance at the two boundaries. If F, and Hy 
designate the tangential components of the electric and 
magnetic fields at the boundary z=const., the surface 
impedance in a cylindrical coordinate system is simply 


E, 


Cpe ee 
As 


62) 
When a homogeneous medium is on one or both sides of 
the boundary, the surface impedance Z, is related to the 


components of the Hertz vector II, of a homogeneous 
medium by (3.1) of Wait® as 


Ce) 
. 7s II, 
tw Of 
= pp TI, , (53) 


with k?=w*yve—iwuo. Using (53), it is possible to relate 
the amplitudes of the upgoing and downgoing waves in 
the space between earth and ionosphere in (3.5) of 
Wait® to the surface impedances at the two boundaries. 
A development that follows the pattern of Wait’s® Sec- 
tion 3 results in the modal equation 


1 — R,R; exp (—2ikCh) = 0, (54) 
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where 
C: Z, ; 
PS Cpe (55) 
Cyn — Z, 
Cyn — Z; 
oe ep Mies (56) 
Cyh+ Z; . 


C is a root of the modal equation, the impedance | 
n=~uo/éo and where Z, and Z; are the-surface im- | 
pedances of ground and ionosphere, respectively. Note 
that (54)—-(56) apply both to homogeneous and to non- 
homogeneous media beyond the boundaries. For ho- 
mogeneous ground and ionosphere a substitution of | 
(3.6) to (3.8) of Wait® in (53) results in | 


Bea | 


2 
pa eee) 
Ny Ny. 
where S?=1—C? and n,”= (twe+ox) /(tweo). A substitu- © 
tion of (57) and (58) in (55) and (56) gives the conven- 
tional expressions of reflection coefficient as in (3.11) | 
and (3.12) of Wait.® 

The solutions of the modal equation (54) depend on 
the surface impedance of the boundaries. If a surface 
impedance Z, of a nonhomogeneous medium is known, — 
one may define by (58) an equivalent refractive index © 
n° of a homogeneous medium which gives the same sur- — 
face impedance Z,. Considering a nonhomogeneous iono- | 


Z, = 


Zi 


sphere, 
n\* hil 1 Be Ae d 
n°)? = |—) | — —— : . 
wit = (3) 5a 
For n/Z;>>1, (59) may be approximated by 
n\?* Ty. 
n°)? =(—]}) —S?=(—}). 
‘gis ey oe of 


The simplified expression (60) applies for | n?| >1. There 
are no simple relations between the local refractive index 
nm; and the equivalent refractive index n;* for a non- 
homogeneous ionosphere. The relation (60) may apply 
also to geometries where n; does not satisfy | | >i 


ey 
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Some Remarks on Green’s Dyadic for Infinite Space* 
J. VAN BLADEL}, SENIOR MEMBER, IRE 


Summary—the validity of the often used dyadic 
1 Ee ikR 

—(3+—VV )— 

( Ste) ack 


to compute the electric field inside a current-carrying region is in- 
vestigated. It is found that care must be exercised in the definition of 
the integrals, which should be taken as principal values around the 
field point. 


I. INTRODUCTION 


ume is often expressed in terms of a Green’s dyad- 


: Beis. electric field outside a current-carrying vol- 


{ 
2 


; 


¢ 
f 


ic as 


BG) = [ f ip joud@)-G@lrav (1) 


- where 


1 il e7iklr—Tol 
g(r | i) = —-— (s + — grad grad) ———— 
An k? 


[Por 


and 3 is the identity dyadic. One is normally interested 


in points outside volume V (Fig. 1), particularly when 


computing the radiation pattern of the current distri- 
bution. It is not without practical interest, however, to 


inquire whether (1) is still valid when 7» is inside V. 
Clearly, Green’s dyadic becomes infinite when 7 ap- 


proaches 7, so that the integral appearing in (1) is an 
improper one. It is our purpose to investigate the char- 


acter of this improper integral. The divergent character 
_ of certain integrals where derivatives of eikk /R appear 


is well known to the mathematician, and has been 
prominently mentioned in relation with the surface 
integral equations of diffraction theory.!:? The remarks 
which follow are consequently not directed to the 
mathematician and his desire for rigor, but rather to 
the practicing engineer who might want to apply (1) 
in the middle of an electron beam, for instance. 


Il. Tue ELectric FIELD INSIDE A SIMPLE 
CURRENT DISTRIBUTION 


Consider a column of current occupying the circular 
cylindrical volume shown in Fig. 2. The current density 
JT is uniform, and is represented by the phasor 


J =Jiz 


* Received by the PGAP, May 15, 1961; revised manuscript re- 
ceived, June 19, 1961. : - : ' : : 

+ Elec. Engrg. Dept., University of Wisconsin, Madison, Wis. 

1A. W. Maue, “Zur Formulierung eines allgemeinen Beugungs- 
problems durch eine Integralgleichung,” Z. Physik., vol. 126, nos. 7-9, 
pp. 601-618; 1949. ; ; e : 

2C, J. Bouwkamp, “Diffraction theory,” Reports on Progress m 
Physics, vol. 17, pp. 35-100; 1954, 


Fig. 2—Cylindrical current beam. 


where #, is the unit vector in the z direction. We notice, 
without raising questions as to how such a current dis- 
tribution might be realized in practice, that its form is 
perfectly correct from a mathematical point of view, 
and is quite suitable for use in (1). We wish to find the 
electric field at the center O of the current-carrying 
column. The method of retarded potentials, which we 
take to be correct and choose to be our starting point, 
provides the answer immediately: 


E(f) = — grado mal ff ib olAeaV 
| <i i) il n(Peds | 


“ [ff ror (2) 


where ¢ stands for e-klF—7ol /| 7-70), p for the volume- 
charge density —1/jw div J, and y for the surface- 
charge density 1/jw(J itn). The volume integrals ap- 
pearing in (2) are extended over volume V’ obtained by 


_ —— = — 
ees i ee 
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excluding from V a small volume v (a sphere, for in- 
stance), centered at 7, and of vanishing linear dimen- 
sions. These integrals are, in fact, the limit obtained 
when these’ dimensions approach zero, and potential 
theory’ shows that this limit exists and is independent 
of the shape of v. In our configuration, p=0, 7 = +J/jw 
for z= +a, and J is constant. This simplifies calcula- 
tions, and we find that EF is in the z direction, and 
equal to 

e tka 


e—ikVa?+b? 
a 15 Va? + =| 


Ree el 


J@E0 


contribution from the scalar potential, 
Mo E — aa | J —jka 
2E reid | enteNite gz + —— [eta — 1], (3) 
€0 0 Jeo 


contribution from the vector potential. 


Let us now try to evaluate (1). With the present value 
of J, the integral yields 


J (7) e ikl r—rol 


ee el Same 
pe Via pon © 


The first term does not give any trouble; it is a conver- 
gent integral, identical with that contributed by the vec- 
tor potential in (2) and (3). It is the second term which 
is interesting. It will, by reason of symmetry, yield a 
vector oriented along the z axis when 7) is equal to zero. 
This means that we should investigate 


(ies 02? 4G a) oe 


where RF is the distance to the origin. The integrand 
clearly becomes infinite at R=0. To give a meaning to 
the integral, we should exclude the origin by a small 
volume v, and extend the integration over V’=V—yv. 
The difficulty, however, is that the resulting integral 
does not converge. The reason is that the limit depends 
on the shape of the excluded volume, as can be seen by 
considering a circular cylinder of radius 7 and height 
2h (Fig. 3). For this shape, the integral takes the form 


a? eoikV re 

If = Wig bie | ———— 

ns «=02"La/r? + 2? 

which, after a few trivial steps, is found to be equal to 
1 

n° 

4/3 =. yp 


50. D. Kellogg, “Foundations of Potential Theory,” Springer- 
Verlag, Berlin, Germany; 1929. 


rdrdz 
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Fig. 3—Current volume with small cylindrical volume excluded. 


Fig. 4—Current volume with small spherical volume excluded. 


The limit obviously depends on the aspect ratio »/h 
of the cylinder. Let us now surround the origin by a 
small sphere of radius n (Fig. 4), and inquire about the 
behavior of integral J as y approaches zero. A few more 
simple steps now lead to the value 


en ik Var +b 


ae | a — ib Vo2+8? tka -| 
T Verh e€ ele 


Clearly, J is now well defined as the limit obtained when 
the radius of the sphere approaches zero. We shall call 
this limit the “principal value” of the integral. Upon 
substitution in (4) and comparison with (3), the mean- 
ing of the right-hand member of (1) becomes clear. In 
our particular geometry 


Pv. f ff ieuste-96| roav = EG) + (5) 


OEE. 

Now, we wish to show that this formula is correct for 
an arbitrary current distribution, provided that the 
“principal value” is defined as in the preceding example. 


III. GENERAL FORMULA FOR THE ELECTRIC FIELD 
INSIDE A CURRENT DISTRIBUTION 


We start from (2) where V’ is now the volume ob- 
tained by excluding a small sphere around 7. Let us 
first concentrate on the scalar-potential term. As in po- 
tential theory, and because ¢ has the same kind of dis- 
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continuity as 1/ | 7—7| , we bring the gradient operator 
inside the integral and obtain 


1 = 
: {f div J grad @dV 
JwAtreo ve 


1 es 
sae f if (dn-J) grad ¢4S. 
JwAte s 


_ The first integral can be transformed by utilizing the 
- following formulas of dyadic analysis: ae 


div (4b) = (div a@)b + G- grad b 


HL if div (@D)aV = if J (a,-4)bdS. 


Combining with the second integral we find* 


a z 
J-grad grad ¢dV 
juste SJ V’ . 2 : 


1 a 
ae rel; (ar: J) grad dz. 
qwAdmeo > 


The surface integral is easy to evaluate. For small radii 
n, grad $= —Wr/n?. Introducing spherical coordinates 
centered at 7, with the polar axis in the direction of y, 
we obtain, after a few trivial steps, the value 


for the surface integral. Eq. (5) then follows immedi- 
ately. 

It is worthwhile deriving (5) in an alternate way. 
One easily checks that g satisfies Helmholtz equation 
(when #7) and the radiation condition at infinity. 
Starting from equations 

— curl curl E + BE = jou 
— curl curl G§ + &’G = 0, (6) 


and using the following formula for dyadic analysis, 


iaal [—curl curl @-@ + 4: curl curl @]dV 
Vv 
— ff [a-(#, X curl @) — (tin X curl a): @]ds 
8 


as applied to the volume bounded by >> and the sphere 


4It is worth mentioning, as suggested by a reviewer, that we 
could have started from (2) to find 


E(.) = aan f f f Feosav -= zr erade iF f [ Fo-raagav. 


This can be represented operationally by (1) with a Green’s dyadic 

obtained from G by changing the term grad grad into — grado grad, 

a form which evidences the symmetry with respect to the 7 and 7 

coordinates. The present note is concerned with the grad grad repre- 

sentation which is often used in textbooks, and rather carelessly in- 
troduced behind the integral sign. 
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at infinity, and where d is a vector and @ a dyadic, one 
finds 


— ff B-Gex cuigas+ ff curl E: (ap X §)dS 


2 [ff seu -s| wav (7) 


after noticing that the contribution from the sphere at 
infinity vanishes because of the radiation condition. 
Interest focuses on the evaluation of the left-hand 
member. This task has been performed in an excellent 
paper by Wilcox.® The following method appears to be 
more concise. For small radii n, 


1 
tire X S = —— (toile — totly) = tire xX 
oes 4rk?n? oe i) tay! | . ) 
1 
tin X curlG = — —— (Goto + tigi). 
Aan? 


The first surface integral of (7) can be rewritten as 


1 Eotio + Epis , Bick ~ fe 
— —__—— _774Q = E(7%o) — — E- tr) tipdQ. 
rape ee Olean 


Again introducing spherical coordinates centered at 
7) with the polar axis in the direction of E, we find that 
the second term is equal to 4£(7). Consequently, the 
first surface integral of (7) is equal to 3E(7o). The second 
surface integral can be transformed as follows: 


_ (ur X 3) 1 i fe 
_ f fico E: dS = if (ar X curl E)dS 
> Aark*n? Ank*n? > 


1 Ae 
= ae Aff curl curl EdV 
T n wt 


1 2 
rer) curly curly E(7o) 


where V”’ is the volume of the small sphere surrounding 
P. Finally, 


2 


= 1 oa 
3 E(7o) + BRP curlo curlo E(7o) 


= [ff justine 


which is the desired relation (5) if (6) is taken into ac- 
count. Eqs. (5) and (8) are now in a form which ex- 
plicitly details the computations which should be per- 
formed to evaluate E(70). 


5 C. H. Wilcox, “Debye potentials,” J. Math. and Mech., vol. 
6, pp. 167-202; March, 1957. Dr. Wilcox was kind enough to read the 
present paper, and to point out that the need for the use of principal 
values was already recognized by him in an unpublished note, “The 
Diffraction of Radiation by Inhomogeneous Lenses,” Lockheed Air- 
craft Co., Sunnyvale, Calif., Rept. No. LMSD-5126; 1958. 
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APPENDIX 


Although the establishment of (5) and (8) represents 
the main purpose of the present note, it is perhaps not 
superfluous to add a few comments on the way to repre- 
sent the singularity of the g dyadic with the help of 
6-functions. 

It is customary to write the differential equation 
satisfied by G in the following form: 


—curl curl § + k?G = (7 — 7)35. (9) 


Eq. (9) can be used, by means of a few simple steps 
which are not reproduced here,’ to establish (1), regard- 
less of whether 7) is inside or outside the current-carry- 
ing region. Eq. (1) is valid, however, only for 7) outside 
this region. It will be necessary, therefore, to replace 
(9) by an equation which gives more meaningful results 
in terms of distribution theory. Let us review the basic 
concepts of that theory.” Let ¢ be a function (called 
testing function) which has continuous derivatives of 
all orders, and vanishes outside a finite volume. A dis- 
tribution JT is, by definition, a linear continuous func- 
tional of ¢. It associates a number 7(¢) with each test- 
ing function. A well-known example is the Dirac dis- 
tribution D;, which associates the value of ¢@ at 7 with 
each testing function ¢. 
Another example is 


pap oe 


x 


eee 


—o 


Some distributions can be written in the form 


718) = f une@av (11) 
where ¢ is a summable function. For other distributions, 
no such function can be found (a famous example is the 
Dirac distribution), but one still writes (11) in a sym- 
bolic way, and associates the (symbolic) function ¢ with 
the distribution 7. In the Dirac case, 


T= oie = { 3 — r)d(PAV. 


For the distribution defined by (10), one takes P.V. 1/x 
to be the “generating” function ¢. 

The nth derivative of a distribution T is, by defini- 
tion, a new distribution which .associates the value 
T|(—1)"(0"¢/dx")| with each testing function ¢. The 
“generating” function of this new distribution is 
d"t/dx". This reduces to the usual derivative when func- 
tion ¢ has one, but it can serve to define the derivative 
when the latter is not a usual function. For example, the 
first derivative of the 6-function is now defined by the 
property 

6 i « ; 
ee aodnevarag BED Coe gre Om Miso. 

™L. Schwartz, “Methodes Mathematiques de la Physique,” 


Centre de Documentation Universitaire, Paris, France. This account 
presents the theory in a relatively simple form. 
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These various notions can be applied immediately to 
our particular problem. Now it is necessary to work with 
vectors, however, and distributions will now associate a 
vector with each testing vector $(¢z, ¢y, 6:). Each dis- 
tribution will be written as 


T() = f 5(7)-5@)aV 


where § is the generating tensor. The Dirac distribution 
D;, associates $(7) with ¢, and will be written as 


Di(B) = 4%) = f $)-96(7 — raV. 


The distribution S which yields 
Z 


1 
|= @ + ae curl curl 5| 


T=TQ 


1 
= E + ape (curl curl 6 — | 


T=T9 
is, according to the definition of the derivative of a dis- 
tribution, 


~ ! tae 
iad Pe ae curl curl D;,. 
This distribution was also shown to be 
Ss = pv. f { f [—curl curl 6 + 226]-S(#| #)dV. 


Equating “generating tensors” of both forms finally 
gives us the symbolic equation we were looking for: 


—curl curl (P.V. S) + &(P.V. 8) 


2 1 
ih 36(F — 7%) + er curl curl [35(7 — #0) ] 


1 
3d(F — 7%) — aye (—curl curl + k?)38(% — 70). 


It is interesting to notice that the tensor 


i) 


eC =PV.g+ 
‘ Wei aes 


d(¥ — 70) 


satisfies (9), and could be taken as our fundamental 
Green’s tensor. We do not need distribution theory to 
establish the fact. Eq. (8) can, indeed, always be re- 
written as 


E(*) = P.V. [ff ieuct@-se| 7) dV 


+ Hl i, sf jou) DOG ae 


This form is valid whether 7 is outside the current-car- 
rying volume or not. It clearly indicates that 9’ is the 
tensor we should use in (1). 
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Summary—The apparent temperatures of smooth and rough ter- 
rain surfaces are calculated for frequencies between 1 and 75 kMc, 
for angles of incidence between 5° and 80°, and for observation alti- 
tudes between 2 km and 32 km. The attenuation and thermal radia- 
tion caused by the atmosphere are accounted for by an experimental 
model atmosphere, and the surface emissivities are based on meas- 
' ured complex dielectric constants (for the smooth surfaces) and 
' measured radar return (for the rough surfaces). It is found that 
_ perpendicular polarization provides the greatest temperature con- 
_ trast between rough and smooth surfaces, and that the contrast de- 
creases as the altitude of observation increases; at f=75 kMc (ap- 
_ proximately the resonant frequency of the oxygen molecule), there 
is likely to be little, if any, contrast between rough and smooth sur- 
faces. 


I. INTRODUCTION 


HE concept of the apparent temperature [1], [2] 
of natural surfaces, such as various types of earth 


surfaces, has been used commonly in predicting the 
performance of radio telescopes and radiometers. It is 
impossible to consider all types of natural surfaces for 
all frequencies; there are, however, two interesting limit- 
ing cases, the “rough” or diffusely scattering surface and 
the “smooth” or specularly scattering surface, for which 

analytical results can be derived. Whether a given sur- 
- face-is to be considered smooth or rough is, in general, 
determined by the frequency at which the surface is 
viewed (see Section III-B). 


ent surface temperatures of both smooth and rough 
surfaces vary as a function of the observation angle from 
which the surface is viewed, using the frequency, the 
' height of observation, the polarization, and the scatter- 
_ ing behavior of the surface as parameters. The effect of 
: water vapor and oxygen resonance upon the apparent 
surface temperature observed at a certain height above 
the surface is demonstrated also through the calculated 
results. These calculations are useful in estimating the 
performance of airborne mapping radiometers and have 
also been used to calculate antenna temperature [3]. 


II. EquaTIONS FOR PREDICTING APPARENT 
SURFACE TEMPERATURE 


The blackbody radiation z,(T7, \) of a given polariza- 
tion state within a frequency interval Af and traveling 
in a specific direction can be approximated by the well- 
known Rayleigh-Jeans relationship for sufficiently high 
temperature and long wavelengths [4], that is, 


kTA ‘ 
i(T, dr) = J watts-meter~2-steradian', 


Ne 


* Received by the PGAP, May. 22, 1961. The work described in 
this article was sponsored in part by a contract from Aeronautical 
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versity, Columbus, Ohio. 
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in ‘which k& is Boltzmann's constant 1:37 105% 
joule/°K, T is the radiation temperature in °K, and 
dX is the wavelength of radiation in meters. The ap- 
parent temperature of arbitrary thermal radiation is 
generally defined to be equal to the temperature of the 
blackbody radiation having the same power density per 
unit solid angle in the small frequency interval of 
interest. Thus, the apparent temperature of a surface, 
when viewed from a specific direction, is the apparent 
temperature of the radiation issuing from the surface 
in a given polarization state and direction. 


A. Smooth Surface 


A surface is considered smooth, or only slightly 
rough, if its scattering property is predominantly spec- 
ular at a given frequency. For a smooth surface, the re- 
flecting properties can be adequately accounted for by 
the well-known Fresnel coefficient for both parallel and 
perpendicular polarizations. If a detector with an ideal, 
narrow-beam antenna is placed at a height h above the 
earth’s surface and views the surface at an angle @, with 
respect to the surface normal, then the apparent sur- 
face temperatures [1] Ta, or Ta» for the cases of per- 
pendicular and parallel polarizations, observed at the 
height h and the angle @,, are 


Tor = To(1 — | Ral?) [e(@)] + Te| Ra |*e(he)e(h) 

+ Tais[1 — the) [0] | Ral? + Taielt — 27] (1) 
or 
lip R, |*t(he)t(h) 


74 Toirl1 — #(%)], (2) 


I 


TV — | R,))G)] 427. 
+ Tiel — #(h.)][e(%)] | Ro 


in which the subscript / refers to perpendicular polariza- 
tion (often called “horizontal” polarization in the en- 
gineering literature) and the subscript v refers to 
parallel polarization (often called “vertical” polariza- 
tion). The quantities contained in (1) and (2) are de- 
fined in the following manner: 


T, =actual, or thermometer, temperature of the 
ground (assumed, in the calculations which 
follow, to be 300°K). 

Tair =actual, or thermometer, temperature of the 
atmosphere (assumed, in the calculations 
which follow, to be 300°K and independent 
of altitude). 

T.=thermal radiation temperature of the cosmic 
noise sources. 

R,, Ry = Fresnel reflection coefficients for waves of 
perpendicular and parallel polarizations. 

i(h) =transmission coefficient for the layer of 
atmosphere between the antenna and the 
ground. 
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i(h-) =transmission coefficient for the layer of at- 
mosphere between the ground and the loca- 
tion of cosmic noise sources. 


If the atmospheric density is assumed to decay ex- 
ponentially as the height above above the earth’s sur- 
face increases, then the transmission coefficients t(/) 
and t(h.) can be expressed explicitly as 


t(h) = exp (—0.2303ah- sec 0) 
t(he) = exp (—0.2303aH sec 60). 


(3a) 
(3b) 
For the above equations, a is the ground-level attenua- 


tion of the atmosphere in db/km; h, is the effective 
height of the atmosphere, defined as 


he = H[1 — exp (—h/H)], (4) 


where H is the so-called scale height of the atmosphere, 
taken to be 8 km. The values of @ at ground level can 
be found from various published works [5], and for 
convenience, the values of a used later are shown also 
in Table I. 


TABLE I 
f(kMc) a* (db/km) vot (rough surface) 
1 0.0037 
4 0.0058 
10.3 0.0089 0.032 
Uy 24 0.019 0.063 
23 0.085 0.160 
PHY 0.045 
34.9 0.038 
75 0.38 0.32 


* The values of a are for an atmosphere with moderate water 
vapor content. 


t The values of y. are typical of experimental values for rough 
surfaces [6]. 


The four terms of the right side of (1) and (2) repre- 
sent four different sources of radiation temperature. The 
first term is the radiation temperature of the surface. 
The second term is the radiation temperature of cosmic 
noise sources reflected by the surface. The third term is 
the radiation temperature of the atmosphere reflected 
by the surface. The fourth term is the radiation tem- 
perature of the atmosphere between the surface and the 
point of observation. An expression of the form given 
in (1) and (2) has been shown to be in reasonably good 
agreement with experimental values [7]. The contribu- 
tion to the apparent surface temperature by the cosmic 
noise sources for the range of frequencies under consid- 
eration here is usually small in comparison with other 
sources of radiation temperature and will not be con- 
sidered explicitly. The effect of the sun reflected by a 
smooth surface into the main-lobe or principal side- 
lobes of an antenna may be more serious, and has been 
treated elsewhere [3]. 


B. Rough Surface 


A surface is classified as rough when its scattering be- 
havior is predominantly diffuse. The equation for cal- 
culating the apparent surface temperature can be 
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derived by taking advantage of the bistatic scattering | 
coefficient of the surfaces and the reciprocity relations 
[1]. The equation can be expressed as 


TO) = 0) \1 iz (~) f bre, 5) -F Vae(0; jaauh 


+ Tair[t(h) | (1/47) if [1 — exp ha gehears sec 0,)] 


“ [yan(o, s) = i Ynol(0, saa, \ 
+ Tair{t — «)], (5) # 


in which the y(o, s) is the bistatic scattering coefficient, | 
and its variables 0 and s symbolize 6,, do (the direction | 
from which radiation impinges on the surface) and | 
6,, @; (the direction into which radiation is scattered), | 
respectively. The subscripts hv of the scattering coeffi- 
cient mean that the incident wave has perpendicular 
polarization whereas the scattered wave has parallel — 
polarization, and on the basis of this explanation, the 
meaning of the subscripts hh follows immediately. In 
(5), the integration is performed over a hemisphere 
above the surface. For the rough surfaces under consid- 
eration, the scattering coefficients tend to be approxi- 
mately independent of polarization; consequently, the 
apparent surface temperature of rough surfaces, given 
by (5), is assumed to be the same for both states of 
polarization. In (5) the contribution of the sun to the 
apparent surface temperature of rough surfaces is not — 
included since it is usually less than 0.1°K at micro- 
wave frequencies. 

In order to evaluate the integrals in (5), it is necessary 
to express the complete bistatic scattering pattern of © 
the surface, namely, the quantity y(o, s)=~Yn(o, s) — 
+Yno(0, 5) in a mathematical form. The simplest choice © 
[1] for y(o, s), which is consistent with the reciprocity | 
principle and is in moderately good agreement with ex- 
perimental observations [6], can be written as 


7(0, 5) = (¥0/2)(Cos 8, + Cos 8,)/(Cos 6.) (6) q 


where 7. is a constant that can be estimated from the _ 
back-scattering data of the surface. Thus, (5) becomes | 


Ta(0) = T,[t(h)][1 — yo/4 — Yo/(8 Cos 60) | 
+ Tairlt(h) [yo i()/4 + oF 2(x)/(8 Cos 8.) | 


BE OA A a ly SIO Cyt hel ele pppoe 
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7 
+ Tait i t(h) |, 
in which 
w/2 
Fas ih (1 — x#°%) sin 6,8, : 
0 5 
= an x) ern ye (8) 
w/2 
F(x) = 2 f (1 — x#°°%) cos 6, sin 6,40, 
0 
=1-x = xXlnx +n y)2hi(ny); (9) 


where x =exp (—0.2303aH) and the values of the func- 
tion Ez(In x) are tabulated functions [8 ]. 
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1 III. Discussions oF CALCULATED RESULTS polarizations computed from (1) and (2). They are 
“A, Smooth Surface plotted as a function of the incidence angle (or the ob- 


servation angle) @, using the relative dielectric constant 
e,, the frequency f, and the height # as parameters with 
Tair =300°K and the values of a given in Table I. Upon 


_ Figs. 1, 2, and 3 contain a group of apparent surface- 
_ temperature curves for both parallel and perpendicular 
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Fig. 1—Apparent surface temperature vs angle of incidence for a smooth surface 
with dielectric constant ¢,=4, as seen from altitudes of 2 km and 32 km. 
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Fig. 2—Apparent surface temperature vs angle of incidence for a smooth surface 
with dielectric constant ¢,=5, as seen from altitudes of 2 km and 32 km. 
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Fig. 3—Apparent surface temperature vs angle of incidence for a smooth surface 
with dielectric constant ¢,=10, as seen from altitudes of 2 km and 32 km. 
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studying these curves, few qualitative conclusions can 
be drawn. In general, for a given e, the apparent sur- 
face temperature for the case of parallel polarization is 
quite insensitive to variations of height and changes 
slightly as frequency varies. However, at f=75 kMc 
(approximately the resonant frequency of the oxygen 
molecule), the apparent surface temperature of two dif- 
ferent heights, 2 km and 32 km, show some noticeable 
differences. In addition, the apparent surface tempera- 
ture for the case of parallel polarization attains its maxi- 
mum value, equal to the assumed ground temperature, 
at the incidence angle corresponding to the Brewster 
angle where the reflection coefficient is zero. For lossy 
surfaces, where the reflection coefficient never reaches 
zero, the apparent temperature will be a maximum near 
the pseudo-Brewster angle, but will not attain the 
ground temperature. 

For the case of perpendicular polarization, the varia- 
tions of the apparent surface temperature show different 
features from those for the case of parallel polarization. 
Below the frequency f=23.5 kMc (approximately the 
resonant frequency of water vapor), the variation of the 
apparent surface temperature for a given e, as a func- 
tion of height is not very noticeable. Above f= 23.5kMc, 
an up-turn of the apparent surface temperature curve 
can be seen for an incidence angle higher than 70°, ap- 

_ proximately; this up-turn is primarily a consequence of 
increased attenuation in the atmosphere at higher fre- 
quencies. 

To obtain an over-all view of the variation of the ap- 
parent surface temperature as a function of frequency, 
such calculated variations for both polarizations using 
€, aS a parameter are shown in Fig. 4. Generally speak- 
ing, the apparent surface temperature is always higher 
at greater height and larger e, than at lower height and 
smaller ¢, for both polarizations at a given frequency. 
It is to be noticed that the calculations are limited to the 
incidence angle range from 10° to 80°. For 6,<10°, the 
apparent surface temperatures can be extrapolated by 
extending the curves. For 6,>80°, the observation is 
made at a grazing angle, and the uncertainty in the 
atmospheric absorption and the scattering of the surface 


will affect grossly the accuracies of the calculated re- 
sults. 


B. Rough Surface 


Fig. 5 shows the calculated results of the difference be- 
tween actual temperature and apparent surface tem- 
perature as a function of the grazing angle, 90° —6,, at 
ground level, using frequency as a parameter; the con- 
stant y, contained in the scattering coefficient is a func- 
tion of frequency and is usually obtainable from experi- 
mental investigations of the bistatic scattering behavior 
of a rough surface [6]. For present calculations, y,’s 
based on experimental values are used for convenience; 
the values used are shown in Table I. 

Fig. 6 shows a group of calculated results of the tem- 
perature difference as a function of grazing angle for a 
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Fig. 4—(a) Comparison of apparent surface temperatures of a smooth 
surface for parallel polarization and various frequencies (¢«,=10). 
(b) Comparison of apparent surface temperature of a smooth sur- 


face as a function of frequency for various dielectric constants 
(h=32 km, 0,=45°). 
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Fig. 6—Temperature differences (between actual and apparent temperature) of a rough surface for various altitudes. 
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_ given frequency using the height as a parameter. It is 
seen that at approximately the resonant frequencies of 
water vapor and oxygen molecules, the temperature 
difference at greater height diminishes as the grazing 
angle approaches zero. As in the case of the smooth sur- 
face, it is generally true that the apparent surface tem- 
_ perature at a given frequency increases as the height in- 
creases. 

The emissivity! of the surface is an often-used param- 


eter that can be obtained directly from the scattering 
properties [1], 


For the particular surface represented by (6), this be- 
comes 


e= 1 — yo(1/4 + (1/8) sec Ol). (11) 


Fig. 7 shows the calculated emissivity of a rough sur- 


face, whose back-scattering behavior satisfied (6), as a 


function of frequency; the coefficient Yo has again been 
taken from Taylor [6]. Thus, Fig. 7 represents the de- 
pendence of emissivity on frequency for typical vegeta- 
tion covered surface. However, the type of vegetation 
for which the model is valid is itself dependent on fre- 
quency. At 1 kMc, for example, it would require ex- 
tremely tall vegetation, such as a dense wood or forest, 
to provide a surface which is rough in terms of a wave- 


length and is sufficiently deep so that little of the inci- 


dent radiation can be reflected from the underlying 
ground. For further illustrations, at 10 kMc shrubbery 
would appear as a rough surface and at 35 kMc grass 
Fig. 7, it is seen that the 


1 The emissivity is defined here as the ratio of the power emitted 


. by the surface to that emitted by a black body at the same tempera- 


ture per unit area per unit solid angle per unit frequency interval. 


Chen and Peake: Apparent Temperatures of Smooth and Rough Terrain 


~e=1- (1/4r) f Lyan(o, 5) + Ynol(9, s)]dQ,. (10) 
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Fig. 7—Emissivities of a rough surface as a 
function of frequency. 


emissivity decreases with frequency. This decrease is 
caused primarily by an increase in the ratio of the physi- 
cal size of the scattering elements (which, being leaves, 
etc., are more or less fixed) to the wavelength, as fre- 
quency increases. Thus, at lower frequency, there is less 
scattering but more absorption by the rough surface; 
consequently the emissivity is higher. 

In Fig. 8, the temperature contrast between rough 
and smooth surfaces is plotted, for altitudes of 2 and 32 
km, as a function of the incidence angle. It is clear from 
these figures that perpendicular polarization always 
provides the greatest temperature contrast, and that at 
the higher altitude, especially for f=75 kMc, there is 
likely to be little, if any, contrast between rough and 
smooth surfaces. 
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Fig. 8—Difference between actual temperature and apparent temperature of rough and smooth surfaces at 10.3 kMc as a function 
of grazing angle. (Altitude of observation: 2 km or 32 km.) 


IV. CONCLUSIONS 


It has been shown that the Fresnel coefficient can be 
used to predict the apparent surface temperature of a 
smooth surface for both parallel and perpendicular 
polarizations, and that the bistatic scattering coefficient 
can be used to predict the apparent surface temperature 
of a rough surface. 

For a smooth surface, the apparent surface tempera- 
tures for the case of parallel polarization is higher than 
that for the case of perpendicular polarization. It is 
generally true that the apparent surface temperature for 
both polarizations at a given frequency is higher at 
greater height and larger e, than at smaller values of 
these parameters. 

For a rough surface, as in the case of a smooth sur- 
face, it is generally true that the apparent surface tem- 
perature at a given frequency increases as the height in- 
creases. At approximately the resonant frequencies of 
water vapor and oxygen molecules, the difference be- 
tween actual temperature and apparent surface tem- 
perature at a given height diminishes as the grazing 
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angle approaches zero. Atmospheric absorption caused 
by oxygen and water vapor resonances. decreases the 
contrast between rough and smooth surfaces. 
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Summary—A genera\ solution to the problem of diffraction from 
a perfectly conducting sphere with a concentric shell spaced any dis- 
tance from the surface of the sphere is presented. If the shell con- 
sists of a dielectric material the solution simplifies by using asymp- 
totic expressions for the spherical Bessel function. Another simplifica- 
tion results when the shell is assumed to be thin. 


: || HE THEORY of diffraction of plane-electromag- 


netic waves from a sphere was formulated by 

ie Mie.! This theory and the relevant method of Han- 
sen are concisely presented by Stratton.? Aden and 

Kerker* gave the exact solution for scattering of an inci- 

‘dent plane wave by a sphere of arbitrary material, with 

-a surface layer of arbitrary material imbedded in an 
arbitrary medium. Scharfman‘ specialized these results 
for a perfectly conducting sphere with a dielectric coat- 
ing. 

_ The opinion was held by some people that the scatter- 
‘ing cross section of a perfectly conducting sphere witha 
shell spaced a resonant distance from the sphere could 
be increased markedly above that of a sphere alone. To 
obtain some insight, the easier analogous two-dimen- 
‘sional problem of a perfectly conducting cylinder with 
two surrounding layers was done first.2 Calculations 


turn over a reasonable bandwidth was not changed sig- 
‘nificantly. These calculations did show, however, the 
existence of sharp, narrow peaks and dips as the shell 
spacing was varied. Having shown the negative con- 
clusions for the cylinder, it was found desirable to an- 
-alyze the sphere. 
This paper gives a general solution to the problem of 
electromagnetic diffraction from a perfectly conducting 
sphere with a concentric surrounding shell spaced any 
distance from the surface of the sphere. The shell is of 
arbitrary thickness and of material characterized by a 


* Received by the PGAP, July 7, 1961. The research reported in 
this paper was supported by the AF Cambridge Res. Labs., under 
contract AF 19(604)6655. , 

+ Dept. of Elec. Engrg., Northwestern University, Evanston, Ill. 
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were performed which showed that the scattering re-_ 
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Diffraction of a Plane Wave by a Perfectly Conducting Sphere 
with a Concentric Shell* 


MARTIN A. PLONUSf, MEMBER, IRE 


propagation constant 8. The space between the shell and 
the sphere is characterized by the propagation constant 
k, which is also the propagation constant of the medium 
in which this whole structure is inserted. Fig. 1 shows 
the notation and cross section of the spherical struc- 
ture and the orientation of the incident plane wave. 
The perfectly conducting sphere has a radius a, the shell 
is spaced a distance 6 from the sphere, and the thickness 
of the shell is c—b. The symbol 6 will be used later for 
the shell thickness. The different regions are denoted by 
Roman numerals and their respective propagation con- 
stants. The only restriction on the different media is that 
the permeability be the same in all regions, 2.e., 


HI = Mit. 


Different permeabilities could be included, but this 
would lengthen the algebra somewhat. 


—= V 


(Ee 


Fig. 1—Notation and cross section of the spherical structure. 


The incident plane wave propagates in the positive 2 
direction, its electric vector is linearly polarized in the x 
direction, and time dependence of e~** is implied. With 
these restrictions the expressions for the incident plane 
wave have the form given by Stratton’? 


es In+1 
Ee — E 4” emma PLC wel? i inten | 
: y n(n + 1) bm 
—RkEy 2 an I 
oe tee te [Mein + intern. 


4” es: 
Wi n=l n(n + 1) 
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The diffracted fields are written as expansions similar 
to those for the incident wave, but with unknown ampli- 
tude coefficients a, and b,, thus 


2 2n + 1 : 
E? = Eo »S. ara Or acoTe [anmMoin® 7s ibpnein® | 
n=1 n(n ap 1) 
—kREo S 2 1 
Hi = : jn JS [dnttern® ei. 1dyNoin® |. 
we nar n(n-+ 1) 


In region II the electromagnetic field can be written 


2 2n-+1 
EN = Ep Daa aay eens [cntoin = 1d nNein™ 
n=1 n(n i Jb 
=5 €nMoin™ ae ifmen® | 
—BEo 2 2an+1 
Au = p : henna are ae [dnmein» Se ICnMoin 
we nar n(n + 1) 


+ fMean® 1 4€nMoin® |; 


where the unknown coefficients are Cn, dn, én, and f,. In 
region III the electromagnetic field can be written sim- 
ilarly 


z 2n+1 
Ail = Eo Dey (a [gntMoin ay MnNern™ 
n=1 n(n = 1) 
+ 12mm ® — ipnNemn® | 
2a) ote Te | 
a, ie a i” ———— [hymen + igntoin® 
Qi eau (net 1) | 


Fe PrMein® =e ilnNorin® |, 


with unknown coefficient gn, An, In, and pn». To solve for 
these ten coefficients we apply the boundary conditions 


4, X EM (kb) = t, X E4(6b) 
4, X H™(kb) = t, X H™ (60) 
t1 X EM (Bc) = t1 X EX(Rc) 
4, X H® (6c) = 4, X H1(kc) 
i, X E™(ka) = 0, 
where 7; is a unit vector in the radial direction. 
These conditions lead to two sets of simultaneous 


equations involving five unknowns each. However, 
since we are interested only in the diffracted field we 
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solve only for coefficients a, and 6, explicitly. The total 
cross section is 


C= E pp On + OK onl? + | b, |?) 
and the backscattering cross section is 


= | (-I2n + Ya, —b)| 


In the subsequent solution for the scattering coefficients | 
the notation has been simplified by deleting all sub- | 
scripts , on the spherical Bessel functions, 7.e., | 


j(ka) = jn(Ra) s x Jn+4(Ra) 


2 JB a0, 


After solving these sets of equations the first scattering — 
coefficient a, is 


[8bh(8b) |’ = — =; lth )(6b)] = 


[kej(ke)|’A + Ms 
~ [Rch(ke)]’ A+ h(ke)B 


nn 


Pe een eer a prnegeengiphannnens esiage 


where A is given by 
A = j(ka){ j(Bc) (h(Bb) [bh (kB) )’ — h(Rb) [862(86))") 

— h(8c)(j(8b) [kbh(kb) |’ — h(kb) [60j(6b)]’)} 

— h(a) {j (Bc) (h(8b) [kbj (kb) |’ — 7(kb) [8bh(8b)]’) 

— h(Bc) (5 (8b) [bj (kb) |’ — j(kb) [8bj(80)]')} 
and B is given by | 
B = [8cj(@c)]’{ h(ka) (h(8b) [kbj (kb) |’ — j(&b) [8bh(8b)]’) 

—j(ka)(h(8b) [kbh(kb) |’ — h(kb)[8bh(80)]’) } 
— [Bch(c)]' { h(ka) (j (6b) [#07 (kd) |’ — 7(RB) [8bj(8b)]’) 
— j(ka) (j(60) [kbh(kb)]’ — (kb) [857 (80)]')}. 


The second scattering coefficient b, is given by 
1 | 

jn(Re)C + + [Rejn(be) |’ D | 

(3 7 


1 
Blin (Re) C + [Ach (kc) |"D 
Cc 


where C is given by 


fet 1 
C = [haj(ea)] ie [Be7(Bc)]' (3 gp (26% (60)]' — 8h(88) -. [aoi(en))) 


1 Veer es 1 
aes [Bch(Bc) | («1000 bi [867 (6b) |’ — @j(68) 7 [eon(en))) 


Tig 1 
Seana) ie [Bj (ac) (4108) a WDHB)’ — an(s0) -. [5(40))’) 


1 a ee, 1 
— = [sont ae] (4100) 55 (bi — 83(0) — fsscenyy’)\ 
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and D is given by 
d 1 1 
D= kah(ka)\' | kj oz poms song) 943 ’ 
aslo 4 ah(ka) | (408) i [86h (85)]’ — Bh(8b) = [bg (26) ) 
1 1 
Las k © k / a og a ee / 
[kaj (ka) | (zo ab [8bh(80) |’ — Bh(6b) . [Abh(kb) | ) 
— Bh(Bc) | [kah(ka) |’ (400) oe [807 (8b) |’ — Bj (6b) ee [05(40)]') 
Bb kb 


1 
Seow (zc -y (ui) - ailsb) — feoncesy) 


_A check on these expressions can be made by letting These scattering coefficients can be checked by letting 
6=k. When this is done, the above coefficients become b=c=a or 6-0. When this is done the coefficients for a 
the coefficients for a perfectly conducting sphere of perfectly conducting cylinder of radius a should be ob- 
radius ka;? tained.” This is indeed the case, since the above expres- 
If the shell is a dielectric with 6>k and if Bb>1, sions under these substitutions become 
asymptotic expressions for the spherical Bessel and 


Hankel functions can be used, which are Pate j(ka) 
1 n+1 . h(ka) 
j(Bc) = — cos (« ae r) 
. _ _ [eaj(ea) |" 
h(gb) & 4 ei (Bb—(n+1) /20) ; [kah(ka) |’ 
Bb 
[ab ‘(ab)’ & — sin n+ 1 . Similarly, letting B—> the shell becomes perfectly re- 
J = flecting and the scattering coefficients are identical to 


[Bch(Bc) |’ SY tei @— Ort) (20), those of a perfectly conducting cylinder of radius (se 

, A further simplification results in the expression for 
When these are substituted in the above expressions for _ the coefficients becoming more manageable if the shell is 

the coefficients a, and b, and the value for the Wron- assumed also to be thin, 7.e., 

skian, which is 


Bo < 1. 
j(kb)h' (kb) — h(kb)j’(kb) = 
a” When this is the case all terms containing ke and 8c can 
_ is used to simplify the results, the following expressions be expanded in a Taylor series about kdb and 80, respec- 


for the coefficients are derived: tively. Thus, 


Bcj(kc) (a cos B65 — Bbp sin ps) — [kcj(kc)|’(a sin BS X Bbp cos 63) 
Bch(kc)(a cos 86 — Bbp sin 86) — [kch(kc) |’ (a sin 85 + Bbp cos B85) 

_ By (kc) (E cos B6 — Bby sin B56) — (8/k)2| kej (ke) |’ (E sin 85 + Bby cos 85) 
ae ~ Bch(ke) (& cos B5 — Bby sin B6) — (B/k)? [kch(kc) |’ (& sin BS + Bby cos Bd) 


j(kc) = j(kb) + kdj’(kb) + - 


ad, = — 


_where 
a; [ech(kc) |’ = [kbj(kb) |’ + RO[hbj (Rb) ]"” + - >: 
sin 66 = 66+ --- 
p = h(ka)j(kb) — j(ka)h(kb) A ae 
a = h(ka)[kbj(kb) |’ — j(Fa) [zbh( kb) | Keeping only terms of order 26 and 86 in the above ex- 
see 20) Panta)” — 2) [Bato Peon iu cee ens 


& = ([kah(ka)]’[4bj(kb)]’ — [baj(ka)]’[Adn(Rb)]")(8/%)”. to 


i(B/k)j(a) -+ Bdpj(kb) (8b)? — (kb)? + n(n + 1)) 
i(@/k)h(ka) + Boph(kb) (8b)? — (kb)? + n(n + 1) 

i(@/k)*[kaj(ka)]’ — d[E(kbj (Rb) "(1 — (6/k)?) — vi (Rb) ((80)* — (8/k)*((kb)? — n(n + 1)))] 
” ~ 5(B/k)*[koh(ka)|’ — Ba[E[&bh(kd)]'(1 — (B/h)*) — yh(kb) ((8b)° — (8/k)*((kb)? — n(n + 1)))I 


Oy = 
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For further simplification, the denominator of each 
expression can be expanded and, again neglecting 
terms of order higher than 6, the scattering coefficients 
are expressed in a convenient form that exhibits the 
scattering coefficients of the perfectly conducting 
cylinder and a perturbation term due to the shell, 7.¢., 


j(ka) ( < P°((Gb)® — (hb)? + n(n + ) 
t, = — 1 — 2k6 
h(ka) j(ka)h(ka) 
_ [kaj (ka) ]’ elk 
dae rai ii 
2 (k/8)?(1 — (&/8)*) + v?n(n + 2) 


[kaj (ka) |'[kah(ka) |’ 


CORRECTION 


Roger F. Harrington, author of “Sidelobe Reduction 
by Nonuniform Element Spacing,” which appeared on 
pages 187-192 of the March, 1961, issue of these TRANs- 
ACTIONS, has called the following to the attention of the 


Editor. 


Define Neumann’s number as 


=i 
ane 


Replace a by >B, in (4) and (7) to (10). Delete the 
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The form of these coefficients is similar to that ob 
tained for a perfectly conducting cylinder, with a sur- — 
rounding thin shell.* It is believed, therefore, that the 
scattering properties of a perfectly conducting sphere ~ 
with a concentric thin shell should not differ markedly 
from those of a cylinder with a thin shell. Calculations 
for a cylinder with a thin shell showed that the scatter- 
ing cross section is not significantly increased or de- | 
creased over a reasonable bandwidth. 
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number 2 from the right-hand sides of (11), (13) and i 


(16). These corrections make no changes in the calcula- 
tions because the amplitudes of the e, were adjusted by 


a trial procedure. 
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_ Aperture Fields* 


Several recent reports!” utilize an ex- 
pression for the field radiated by an aperture 
source as given by Silver,’ but they fail to 


" recognize the limitation of this formula. Spe- 
cifically, use is made of (8a) which is 


. 


Up = a (1 + cos A)e**# fre n) 


« gik sin 9(€ cos g49 sin $)gEqn, 


In this equation, U, is the scalar field com- 


ponent in the same direction as the uni- 


formly polarized aperture field, while F(é, 7) 


is the aperture field distribution; the polar 


axis is taken normal to the aperture.* 
If the details of the derivation of the 


above equation are considered, then the fol- 
lowing assumptions are required: 


1) field point is in the far zone, 
‘2) the aperture field is 
polarized, 
3) a uniform aperture phase distribution, 
4) polar angle @ is small. 


uniformly 


Condition 4) is the one which is violated in 
Adams, ef al.,1 and Blumberg,'? and the 
behavior for 30°<@<90° is incorrectly 
predicted. Actually, the above equation may 
be derived in a somewhat different way 


whereupon no restriction on @ is imposed, 
~ and where condition 3) does not appear. 


If, for example, the aperture electric field 


- is F(£, n) in the » direction, then the aperture 


may be closed by a perfect conductor on 


‘which a magnetic surface current 


nxE = — Far 


is placed. Assuming the aperture to lie in a 


* Received by the PGAP, June 9, 1961. 

1W.B. Adams, ef al., “Synthetic Aperture Antenna 
Investiation,” General Electric Co., Syracuse, N. Y., 
Tech. Note No. 1; September, 1960. 

2M. Blumberg, “The Effect on the Antenna Pat- 
tern of Symmetrical Phase Shifts in a One-Dimen- 
sional Aperture,” Electronic Defense Labs., Mountain 


_ View, Calif.; December, 1959. 


3S, Silver, “Microwave Antenna Theory and De- 
sign,” McGraw-Hill Book Co., Inc., New York, NEY: 


1949. 
4 Tbid., p. 173. 
5 Ibid., see Fig. 6.1, p. 170. 
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conducting screen of infinite extent, the 
effect of this screen may be accounted for by 
image theory. The result is a doubling of the 
magnetic current which now is assumed to 
be in free space. The magnetic vector poten- 
tial + of the magnetic current —2Fa; is 
simply 


1 nxFa, _. 
n= f Ox en -ikrgS, 

Qn r 
This produces an electric field given by 
Vxx so that for the assumed geometry, and 
subject to the usual far-zone approximation, 

jer ikke i 
F 

ve bt (é, 2) 


E = (a, cos@ — a; sin@ sin ¢) 
- eik sin 9(£ Gos ¢+7 sin *) didn. 


This shows the correct dependence of the 
electric field, in both direction and mag- 
nitude, on the polar angle @ and azimuth 
angle ¢ (measured from the £ axis). For 
6~0, this result reduces to the earlier form. 
R. PLONSEY 

Case Inst. Tech. 

Cleveland, Ohio 


Feed System for Clockwise and 
Counterclockwise Circular 


Polarization* 
For certain radioastronomical appli- 
cations (for instance, investigating the 


“atmosphere” of planets), the use of an- 
tennas which permit the simultaneous re 
ception of clockwise and counterclockwise 
circularly-polarized signals is necessary. Re- 
cently, a novel feed system of this kind for an 
85-feet paraboloid antenna was developed. 


*® Received by the PGAP, June 12, 1961. This work 
was carried out for the Jet Propulsion Lab., Pasadena, 
Calif., as part of Contract No. P.1.104499. 


DESCRIPTION OF THE FEED SYSTEM 


The feed system consists of four main 
parts (Fig. 1): 


1) Combiner 

2) 45° Transformer 

3) 90° Phase Shifter 
4) Finloaded Horn. 


The function of these components will be 
descrbed below. 

1) Combiner: The combiner is the heart 
of the feed system. It combines two signals, 
linearly polarized but perpendicularly 
oriented to each other, into a common output 
and vice versa. The combiner has two rec- 
tangular standard inputs (Fig. 2). These 
inputs are connected to a square waveguide 
section via quarter-wave transformers. The 


90° FIN LOADED 
PHASE HORN 
COMBINER SHIFTER 


45° 
TRANSFORMER 


Fig. 1. 


STRAIGHT INPUT 


SIDE "i 


Fig. 2. 
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size of the square waveguide section is 
chosen so that both polarizations can be 
supported (A>2a) where a is the dimension 
of the side of the square. In the square sec- 
tion there are thin and narrow metal strips, 
perpendicular to the electric field of the 
straight input arm, which operate similar to 
a 90° miter elbow for the waves coming from 
the side arm. At the same time, the orienta- 
tion of these strips ensures that they have 
practically no effect on the waves coming 
from the straight input arm. 

At the joint of the side arm and the square 
section there are similar strips, which act as 
waveguides below cutoff for the signal from 
the straight arm. Thus, they prevent this 
signal from entering the side arm, and from 
causing a direct cross-coupling. As the strips 
are perpendicular to the £ vector in the side 
arm, they have no effect on the waves 
coming from there. 

The combiner’s output is square, where 
eventually both polarizations appear. 

2) 45° Transformer: The combiner is 
followed by a quarter-wave long circular 
guide. Its output flange is rotated 45° rela- 
tive to the input. This section breaks any 
linearly-polarized wave coming from the in- 
put into two perpendicular and equal-ampli- 
tude components at the output. 

3) 90° Phase Shifter:: If the relative 
phase of one of the two perpendicular com- 
ponents is shifted by 90° relative to the 
other, the result will be a circularly polarized 
wave.” The 90° Phase Shifter shifts the 
phase of the components in this manner. The 
phase shift is obtained with five pairs of fins 
located along the two opposite sides of the 
phase shifter (with square cross section). 
The fins are capacitive and inductive irises, 
respectively, for the two polarizations, 
causing a differential phase shift between the 
two components.* The average phase shift 
per fin is +10°, but according to a Tche- 
bycheff distribution, the middle ones are 
causing more phase shift than the two end 
ones. 

4) Finloaded Horn: The radiating ele- 
ment of the feed system is a specially de- 
signed Finloaded Horn.4 The finloaded 
horn differs from the conventional pyram- 
idal horn in that it has thin metal fins 
perpendicular to all four sides (Fig. 3). The 
fins modify the field in the horn, and, there- 
fore, this new horn has several advantages 
over the simple pyramidal horn, such as: 


a) By proper selection of the fin size the 
E- and H-plane patterrs can be made 
equal at any arbitrary power level of 
the main lobe. 

b) With the proper number of fins, the 
first sidelobes can be made equal in 
both planes. 


_ 1 The 90° Phase Shifter is similar to the one de- 
signed by the Rantec Corp. and reported in “Final 
Report, Design & Test of Primary Feeds for Gold- 
stone Transmitting Antenna,” Rantec Project No. 
P576/621. 

2J. D. Kraus, “Antennas,” McGraw-Hill Book 
Co., Inc., New York, N. Y., p. 465; 1950. 

3A, J. Simmons, “I-hase shift by periodic loading of 
waveguide and its application to broad-band circular 
polarization,” IRE TRANS. ON MicrowavE THEORY 
ae TECHNIQUES, vol. MTT-3, pp. 18-21; December, 
_.4P. Foldes, “The Finloaded Horn,” to be pub- 
lished. 
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Fig. 3—Finloaded horn, 


c) The square shaped horn retains its 
two symmetry planes, therefore be- 


haves identically for the two perpen- 


dicular polarizations. 


OveErR-ALL SySTEM CHARACTERISTICS 
AND MEAsuRING MEtTHops 


The requirements called for a very nar- 
row-band system; therefore, there was no 
attempt made of broadbanding any of the 
components of the feed system. A better 
than 32-db VSWR figure was obtained for 
all the individual components, over a 1 per 
cent relative bandwidth. 

Table I shows the measured data of the 
completely-assembled feed system (meas- 
ured at the design frequency), and Fig. 4 
shows the same in diagrams. 


TABLE I 
Straight Input Side 
Reflection (I) | 1.4 per cent 0.7 per cent 
(37 db) (43 db) 
Cross-coupling 
(ciz) 0.28 (51 db) 
Ellipticity (e) 0.2 db 0.2 db 


accuracy: *1.54> 


CROSS COUPL. 
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4) 1M) ELLIPTICITY LF 
COMBINER (C) IS FED 
THROUGH TERMINALS | 
@ 2 RESPECTIVELY, 

{Mo/e 


ELLIPTICITY 


2380 2390 


Fig, 4—Electrical characteristics of dual (clockwise 
and counterclockwise) polarized feed system 
(measured on 14-db taper horn). 
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When measuring the ellipticity and cross- 
coupling, extreme care was taken in avoiding 
all reflections between the horn and nearby 
objects because they would cause consider- 
able measuring error. The linearly-polarized 
antenna for the ellipticity measurement was 
a piece of waveguide with a slot radiator at © 
its end. It is worthwhile to note the ex- | 
tremely low cross-coupling and ellipticity 
figures. This low value of ellipticity is prac- 
tically maintained along the total aperture 
of the paraboloid because of the high degree — 
of axial symmetry in the feed pattern. 

S. G. KomLos 

P. FoLDES 

K. JASINSKI | 

Technical Products Div. | 
RCA Victor Co., Ltd. #} 
Montreal, Quebec, Canada 


Basic Laws of Ionospheric Propaga- 
tion for Topside Sounding* 


In attempting to determine power rela- — 
tions for a topside ionospheric sounder | 
satellite experiment, the author noted that 
certain well-established relations of iono- — 
spheric propagation, such as Breit-Tuve’s 
Theorem and the Secant Law, do not hold 
in the simple form in which they were origi- 
nally presented. These results were given in 
part by Gross.! Although these relations may 
no longer be of great significance in studies 
of the physics of the ionosphere, they are of 
importance in power calculations when 
pulsing the ionosphere from above and for 
an HF communication link between satel- 
lites, if this is conceivable. 

It is comparatively easy to understand 
the physical basis for the modifications when 
the finite electron density at satellite alti- 
tude is considered. Based upon the simpli- 
fying assumptions of no magnetic field, 
negligible collision frequency, variation of 
electron density with height only, and a 
flat earth, the basic relationships are revised 
as proved below. 

Fig. 1 illustrates a wave radiated down- ~ 
ward at an oblique angle @ from a satellite 
at point S. This wave is refracted by the | 
ionosphere and returned via an upward- 


* Received by the PGAP, June 12, 1961; revised 
manuscript received, !une 28, 1961. 


1S. H. Gross, “Ionospheric Characteristics for 
Topside Sounding,” Commission III, presented at the 
bor Winter Meeting, Boulder Colo.; December 13, 
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traveling ray that crosses the satellite. alti- 
tude at R. 

In the practical example of an iono- 
spheric sounder experiment, the satellite 
will move from S to R in the time of trans- 
mission, and 6 will be nearly vertical. How- 
ever, for the purpose of illustrating relation- 
ships, 09 will assume all possible values. 

The illustration specifies that the virtual 
depth is the distance AD, where D is the 
intersection of the tangents to the curved 


as 
path SBR at S and R. This definition con- 
forms to the kottomside meaning of virtual 
height, rather than an artitrary convention 
for vertical incidence, such as }cr, where + 
is the time delay between transmitted and 
received pulses. 


Virtual depth = d’ = AD = SD cos 
= SA/tan Oo. (1) 


—— hp 
SA =-— f tan 6dh 
he 
ea SA he tan 6dh 
eee |) 
sin 09 A, sin Ao 
where 
h=altitude 


h,=satellite altitude 
hg=altitude at bottom of path. 


The time delay between Sand R is 
hp di 
eye} 
h. Ug Cosé 


where 


/ Ne? 
yee éy — C. ) 


= group velocity at any point along SB (4) 


c=velocity of light ina vacuum 
p=index of refraction at frequency fo 
N=electron density 
eand m=the electronic charge and mass. 


Therefore, 


in dh 
Pes 2f (5) 
h 


cu cos 8 


3 


From (2) and Snell’s Law, which is 
pw sin 6 = po Sin A, (6) 


where wo=index of refraction of fo» at the 
satellite altitude, 


a hp sin Odh 
hg -SkY 0) COS.O 
- he dh 
=— mf (7) 
he #.COS9 
= dcmot = 2ogT (8) 
or 
ISD SDR ;SDR 
T= = 4 (9) 
Vg, Ugo ¢ 


where v,=group velocity at the satellite 


altitude. 
Thus, from (9) Breit-Tuve’s Theorem is 
- restated as follows: The time taken to tra- 


as 
verse the actual curved path SBR at the 
group velocity is equal to the time to tra- 
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verse the triangular path SDR at the group 
speed of the point of emission. 

In the limit of zero electron density, as 
at the earth’s surface, v,,=c, and the com- 
monly accepted form of the theorem applies. 

If we radiate obliquely at a frequency 
for and reach the same depth A Bas a verti- 
cally downward radiation at frequency /f», 
the modified Secant Law is derivable as fol- 
lows: The oblique ray makes an angle of 90° 
to the vertical at B where the plasma fre- 
quency must be f,; therefore, 


uB(for) = (fos) Sin Bo (10) 


where wa(fo) and ps(f») are the indexes of 
refraction at B and S for frequency fo». Using 
fo as the local plasma frequency at the satel- 
lite altitude, 


uB’(fo) = 1 — = (11) 
2 
1s%(fos) = 1 — 2 (12) 


and, from (10)-(12), 


fos = Vf? — fo? sin? A sec Oo. (13) 


Eq. (13) is the modified form of the Secant 
Law, which for zero electron density, as at 
the earth’s surface, becomes the commonly 
used form. 

Since the Breit-Tuve and Secant rela- 
tions are modified, what about Martyn’s 
Theorem? 

Let yop and p» be the indexes of refraction 


at the same height but at oblique and ver- . 


tical incidence frequencies, respectively. 
Then, using ps(fo) and ys(f,) for the condi- 
tions at satellite altitude, we have, from 
Snell’s Law [(6) and (13)], the relationship 


My COS 8 


Mob cos 0 = ike Se een . (14) 
1 a sin? 


v 


This applies all along SB and is equally ap- 
plicable to.S, for which we have 


sia(fod) COS 8» = ae - (15) 
1 —— sin? 6 
fe 


Using (7) for vertical incidence (cos @=1), 
the vertical incidence virtual depth is 


hp dh 
dy, = — Ma(fo) 1 (16) 
hg Mu 
From (1) and (7) for oblique incidence 
hp dh 
a= — 17 
dob.i. bel fob) COS Bo f A ery, (17) 
From (14) and (15), 
Ha(for) COS 8o _ Hs(fo) (18) 
Mob COS 0 My 
Using (18) in (17) and (16), 
hy dh 
dns. =—ulf) [ “= ds. (9) 
h, Bo 


Thus, though the Breit-Tuve Theorem 
and the Secant Law required modification, 
Martyn’s Theorem holds in its original form, 
namely (using depths instead of heights): 
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The virtual depth of an oblique radiation 
at frequency fo, which turns at the same 
depth as a vertical incidence of frequency 
fo, is equal to the virtual depth of the 
vertical incidence. 


Of additional interest, using (1) and (8), 
virtual depth is 


dis.i. = 09,7 COS Oo (20) 


which for vertical incidence becomes 


dis. = Bugg (21) 


instead of 4cr, the bottomside relation. Simi- 
lar to bottomside propagation, the time 
delays for oblique and vertical incidence are 
related by 


Tv.i, = Tob.i. COS Ap. (22) 


S. H. Gross 
Airborne Instruments Lab. 
Deer Park, N. Y. 
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Reflector Antennas for Radio and 
Radar Astronomy* 


The number of reflector antennas that 
have been developed during the past three 
years and that are being contemplated today 
for radio astronomy has increased substan- 
tially. In some areas of research, higher- 
resolution radio telescopes with improved 
sensitivity are still in demand; elsewhere, 
existing instruments appear adequate to 
provide reliable data. The trend has been 
toward larger apertures, physical and syn- 
thetic, to provide the needed resolution and 
sensitivity throughout the radio spectrum. 

It is the purpose of a recently completed 
report! to present the results of a compre- 
hensive survey of electromechanical data on 
reflector-type radio telescopes that were 
known and anticipated as of April, 1961. The 
results are tabulated for each antenna, 
grouped by sponsoring countries. The list of 
150 reflector entries includes 70 radio ob- 
servatories in 20 countries. 

The tabulation does not cover reflectors 
that are used exclusively either to determine 
properties of the earth’s ionosphere or to 
track meteors and space vehicles. Moreover, 
the physical size of antennas in the survey 
is no smaller than 10 square meters. Conse- 
quently, the author has not included the 
abundance of small reflectors to be found in 
solar radio astronomy. 

The tabulated information includes the 
following: 


1) The name of the operating observa- 
tory and its sponsors. 
2) The location of the reflector. 


* Received by the PGAP, June 24, 1961. 

1A, R. Giddis, “Reflector Antennas for Radio and 
Radar Astronomy,” Western Dev. Labs., Philco 
Corp., Palo Alto, Calif., Rept. No. WDL-TR-1500; 
April, 1961. 
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3) The type and dimensions of the re- 
fiector. 

4) Some of the antenna’s mechanical 
characteristics. 

5) The frequency range of operation. 

6) Data on the radiation parameters. 

7) Use of the reflector in an interfer- 
ometer. 

8) The status of the antenna system. 

9) Current and planned uses for the 
antenna in radio astronomy. 

10) Sources of information on each an- 
tenna. 


The radio observatories are listed alpha- 
betically according to countries, and their 
associated antennas are tabulated in order 
of increasing, physical, cross-sectional area 
above 10 square meters. Data are recorded in 
both metric and English units. 

An extensive list of references consulted 
during the survey is included. 

In order that this report of electrome- 
chanical data on the world’s radio telescope 
reflectors will continue to be a useful working 
document, the author welcomes comments 
from the reader and will appreciate receiving 
on a nonconfidential basis for possible future 
publications, information on new develop- 
ments and plans for radio telescopes. 

ALBERT R, GIDDIS 
Communications Sciences Dept. 
Western Dev. Labs. 

Philco Corp. 

Palo Alto, Calif. 


Some Comments on the Transmis- 
sion of Power by the Use of 
Microwave Beams* 


A number of studies and experiments di- 
rected toward investigating the feasibility 
of transmitting power by means of focused 
microwave beams have been carried out in 
Raytheon Laboratories during recent years. 
It is not the purpose of this note to review 
the entire scope of that activity; however, 
certain results will be discussed. Represen- 
tative programs under contract include the 
fabrication and test of superpower Ampli- 
tron tubes,! design study and demonstration 
of a microwave heat exchanger for incor- 
poration into a gas turbine engine,? and 
studies of high-altitude platform design.’ A 
number of oral presentations of various as- 
pects of this program have been made;! 
however, data have been published only in 
reports which receive limited circulation. 


* Received by the PGAP, July 3, 1961. 
1 Rome Air Dey. Ctr., Contract No. AF 30(602)- 


2205. 
rene Air Dev. Div., Contract No. AF 33(616)- 


3 Army Rocket and Guided Missile Agency, Con- 
tract No. DA-19-020-ORD-4944, 

4 For example: W. Brown, NEREM, 1959; H. M. 
Hart, NEREM, 1959; H, Letaw, Jr., NEREM, 1960, 
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We have discussed numerous potential 
applications of beamed microwave power. 
Perhaps the most widely known is the Ray- 
theon Airborne Microwave Platform 
(RAMP) system. Power beamed from a 
ground antenna is collected at high altitude 
by an array mounted beneath a rotary-wing 
platform. Microwave energy is guided to a 
heat exchanger in which it is converted to 
heat. The heat exchanger, in turn, provides 
power to drive a closed-cycle gas turbine 
engine, A large compressor, turned by the 
engine shaft, pumps ambient air through 
blade ducts and out of tip-jets to turn the 
rotor. 

Systems of focused beams have been 
more widely applied in optical problems 
than in the microwave field.6 However, the 
normal microwave parabolic reflector relies 
on focusing to transfer the energy from the 
reflector to the feed device, and numerous 
antenna systems have been studied which 
use focusing principles to approximate the 
far-zone pattern at a convenient site in the 
near zone.®:7 A brief discussion of focused 
antennas for certain power transfer applica- 
tions has also been published. Thus, the 
optical principles applicable to quite efficient 
focused antenna systems have been estab- 
lished in detail. 

Under the physical conditions envisioned 
for the RAMP system, a very large fraction 
of the energy emitted by the transmitting 
aperture appears at the focal plane within 
the focal spot (Airy disk). In an optically 
perfect, uniformly illuminated, system, 
nearly 84 per cent of the radiated energy 
falls within this spot; however, aberrations 
as well as distortions introduced by the at- 
mosphere tend to degrade the system. By 
tapering the illumination of the transmitting 
reflector in a manner which reduces the 
minor-lobe radiation, as much as 98 per cent 
of the energy radiated can be confined to the 
focal spot. Such tapered illumination results 
in a larger focal spot for a given transmitting 
antenna. However, if for a given pair of an- 
tennas, the coupling is such that uniform 
illumination would result in more than about 
78 per cent of the radiated energy being in- 
tercepted by the receiving aperture, the use 
of apertures with the same diameters would 
result in a greater interception of energy for 
the case of tapered illumination. This im- 
provement is a result of the increase in the 
major lobe energy content due to sidelobe 
reduction and to the change in the distribu- 
tion of energy across the focal spot resulting 
from tapering. The diameter of the focal 
spot D4 produced in the focal plane at a 
distance R from an antenna of diameter Dr 
radiating at wavelength is well approx- 
imated by 


Da = KXR/Dr, 


i ated Saree ee available in M. Born 
and EF. Wolf, “Principles o' piel: fea ed 
New York, N. Y.; 1959, Mass eS 
6 R. W. Bickmore, “Fraunhofer pattern measure- 
ment in the Fresriel region,” Can. J. Phys., vol. 35, 
pp. 1299-1308; November, 1957. 
7G, W. Farnell, “Measured phase distribution in 
the image space of a microwave lens,” Can. J. Phys., 
vol. 36, pp. 935-943: July, 1958. 
ee ue ce TRG Tene ey via radio 
ROC, 3 orrespondence), vol. ' 5 
366-367; March, 1960, : Seat 


N. ovember 


where 


K=2.00 for uniformly illuminated rectan- 
gular apertures, 

K=2.44 for uniformly illuminated circu- 
lar apertures, 

K=3.26 for a (1—p?) illumination func- 
tion. 


A typical set of antenna parameters for the 
RAMP application would be: transmitting 
aperture 350 ft in diameter, altitude of plat- 
form 65,000 ft, and wavelength.1/6 ft. The 
diameter of the resulting focal spot would be 
75 {t. An optimization procedure (weight, 
power, cost) for the entire system has led to 
fixing the receiving aperture diameter at 50 
ft. This aperture, if centered on the axis of 
the 350-ft transmitting antenna, would inter- 
cept 75 per cent of the transmitted energy (89 
per cent of the focal-spot energy). This figure 
is not to be taken as the efficiency of the 
antenna system, A realistic over-all figure, 
estimating both transmitting and receiving 
apertures to have an efficiency of 65 per cent, 
is 32 per cent. Although the actual antenna 
design proposed for the RAMP system was 
more sophisticated than the simple uni- 
formly illuminated reflector considered in 
this example, the aperture areas and fraction 
of radiated power intercepted were similar 
to the values found above. 

In a recent unclassified report, given 
rather wide circulation and reprinted essen- 
tially in full in these TRANSACTIONS,? it was 
asserted that the maximum altitude (Ro) at 
which the RAMP vehicle could hover with 
the desired path efficiency is determined by 
the expression: 


Ro S (1/\)(AA'/n)™?, 


in which the aperture areas are denoted by 
A and A’ and 7 is the path efficiency. That 
author provides a graphical means of es- 
timating the path efficiency as a function of 
the system parameters.!° The present au- 
thors, scaling from this published graph, de- 
termined a path efficiency of 66 per cent for 
a system using 350-ft diameter and 50-ft 
antennas. Using this efficiency, the proposed 
RAMP wavelength of 1/6 ft and aperture 
areas based on the above diameters yield 
an altitude of 102,000 ft. 

Another parameter of great interest is 
the depth of focus of the RAMP transmis- 
sion system, This can be estimated readily 
from classical theory. At a distance of ap- 
proximately 10,000 ft above and below the 
image plane, the 50-ft-diameter receiving 
aperture could intercept 85 per cent of the 


9 A, F. Kay, “Near-field gain of aperture anten- 
nas,” IRE TRANS. ON ANTENNAS AND PROPAGATION, 
vol. AP-8, pp. 586-593; November, 1960. 

10 Reference 9 included a computation of the 
maximum hovering altitude of the RAMP vehicle. 
Unfortunately, erroneous RAMP system parameters 
based on a brief discussion of the RAMP system 
reported in a popular magazine were used. The figures 
used for antenna aperture sizes were equivalent to a 
50-ft-radius airborne antenna and an 11-ft-radius 
(400 square ft) ground antenna. A wavelength of 
0.327 ft was assumed, rather than the value 0.167 ft 
actually proposed. The ground antenna size was sus- 
pected by the author to be erroneous and in a footnote 
to his example, he surmised that the printed figure, 
“400 sq ft,” might have been a misprint for “400 ft 
square.” Unfortunately, that author computed in his 
See two inapplicable values for Ro of 9640 ft and 
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maximum focal spot energy. Confirmation 

of the theoretical depth of focus values for 

microwave frequencies can be found in the 
literature. 

H. LEtTAw, JR. 

G. HamMM 

Surface Radar and 

Navigation Operation, Equipment Div., 

Raytheon Co. 

Wayland, Mass. 

R. W. SLocum 

Systems Requirement Dept., Equipment Div., 

Raytheon Co. 

Waltham, Mass. 


See for example: C. W. Morrow, P. E. Taylor, 
and H. T. Ward, “Phase and amplitude measure- 
ments in the near field of microwave lenses,” 1958 
: ee NATIONAL CONVENTION RECORD, pt. 1, pp. 166- 


The Use of the Statistical Matrix 

and the Stokes Vector in 

Formulating the Effective Aperture 
of Antennas* 


In a recent communication, Tai! has pro- 
posed a revised definition for the effective 
aperture of an antenna which has a broader 
coverage than the definition given in the 
“TRE Standards on Antennas.” According 
to the “IRE Standards on Antennas,” the 
effective aperture (or the aperture area) of 
_ an antenna is defined as \2D/4z where D is 
the directive gain of the antenna and ) is the 
wavelength. In many textbooks on anten- 
nas, the effective aperture A, is defined as 


Wor 
P; 
available power from antenna 


A. = 


: (1) 
incident power density 
‘Let us consider a monochromatic plane 
wave E; incident on an antenna. When the 
value of Wav/P; as contained in (1) is evalu- 
ated, one obtains!’ 


D6, ®) 


(2) 


A.(6,®) =p 


where 


leloation tact | h-E,| a 
p=polarization tac = —_ 
ae ale? 


* Received by the PGAP, June 3, 1961. This work 
~ was supported in part by the AF Cambridge Res. Labs. 
under Contract No. AF 19(604)-4079 through the 
Ohio State University Res. Foundation. 
LC. T. Tai, “On the definition of the effective aper- 
ture of antennas,” IRE Trans. ON ANTENNAS AND 
_ PropaGATIoN (Communications), vol. AP-9, pp. 224- 
- 225; March, 1961. y 
2 “TRE Standards on Antennas, Modulation Sys- 
tems, and Transmitters,” (48 IRE 2, 11, 15.S1) (Sep- 
arate Report). een . 
3, Roubine, “Les propriétés directives des an- 
~ tennes de réception,” L’Onde Electrique, vol, 30, PP. 
259-266; June, 1950. ~- 
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h=complex vector effective height of the 
antenna 
E;=incident electric field. 


Both h and E; are complex vectors, repre- 
senting complete (z.e., elliptical) polariza- 
tions. When the polarizations are matched, 
p=1; (2) reduces to the IRE definition. 
Thus, Tai has suggested the use of (2) as the 
definition of the effective aperture, which 
becomes consistent with the physical inter- 
pretation of the effective aperture as given 
by (1). 

The formulation as shown in (2) may be 
further improved in two respects. First, (2) 
contains a polarization factor p which de- 
pends on the polarization state of the inci- 
dent electric field. It is more satisfactory to 
formulate the effective aperture only in 
terms of the parameters associated with the 
antenna proper. Second, the use of (2) is 
limited to an incident wave which is com- 
pletely polarized (7.e., elliptically polarized). 
An elliptically polarized radio wave is a 
limiting case of a more general type of wave, 
that is, a partially polarized wave. Thus, it is 
desirable to formulate the effective aperture 
in a form which is applicable to partially 
polarized waves. The use of antennas for the 
reception of partially polarized radio waves 
occurs: in radio astronomy, passive radar 
mapping, microwave plasma diagnostics, 
etc. 

The purpose of this communication is to 
present two alternative formulations for the 
effective aperture of the antenna, one based 
on the statistical matrix and the other based 
on the Stokes vector. The statistical matrix 
and the Stokes vector are both used in op- 
tics‘ and in the quantum mechanical treat- 
ment of the polarization of photons and ele- 
mentary particles.®*® The statistical matrix 
is sometimes referred to as a density matrix 
or coherency matrix. The author has recently 
applied this formalism to the theory of radio 
antennas.’ 

Let E; represent the electric field of a 
quasi-monochromatic wave incident upon a 
receiving antenna and E, represent the dis- 
tant monochromatic electric field produced 
by the antenna when it is used for trans- 
mitting. We may write 


E,=VJ (Ei E*) nj 

= /(E;:Ei*) (igng + iene) (3) 
E, = /(Ev E*) m: 

= /(E. Ei") (iome + iome), (4) 


where n; and m; are unit polarization vec- 
tors (ie., (ni-n;*)=1 and (m,: m,*)=1), 
np=ar(t) exp jlwt+kr—ai(t)], no =ax(t) 
exp jlwt+kr—ax(t)]; me=bi exp jlwt—kr 


4M. Born and E. Wolf, “Principles of Optics,” 
Pergamon Press, New York, N. Y.; 1959. 

5U. Fano, “Remarks on the classical and quan- 
tum-mechanical treatment of partial polarization,” 
J. Opt. Soc. Am., vol. 39, pp. 859-863; 1949. Also 
“Description of states in quantum mechanics by 
density matrix and operator techniques,” Rev. Mod. 
Phys., vol. 29, pp. 74-93; January, 1957. 

6 J. M. Jauch and F. Rohrlich, “Theory of Photons 
and Electrons,” Addision Wesley Publishing Co., 
Inc., Reading, Mass.; 1955. j 

7H. C. Ko, “Theoretical techniques for handling 
partially polarized radio waves with special reference 
to antennas,” Proc. IRE (Correspondence), vol. 49, 
pp. 1446-1447; September, 1961. 
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—Bi), mp=be exp j(wt—kr—B2). ai, do, a1 
and a2 vary with time since the incident wave 
is assumed to be a partially polarized wave. 
b;, be, B: and 62 are constants. The asterisk 
represents complex conjugate, and the angu- 
lar brackets represent the time averages. 

We shall define a statistical matrix for 
the antenna’ by 


ke (meme*) — (me*ma) 
Ado a ee (mama*)+ 


Similarly, we define a statistical matrix for 
the incident wave by 


(S) 


(nene*) — (nong*) 
(no*ng) Maoneg*) : 
where P represents the total power flux of 
the incident wave. Thus, P=43(E;-E,;*)/Zo 
where Zo is the intrinsic impedance of the 
medium 

It can be shown’ that the power avail- 
able from the antenna due to the incident 
wave is given by 


W = Trace {A.[pi;'] X Pleu]}. 


An alternative formulation for the effec- 
tive aperture may be made by the use of the 
Stokes parameters or the Stokes vector. It 
has been pointed out by Deschamps that the 
available power from a receiving antenna 
due to a completely polarized (7.e., ellipti- 
cally polarized) incident wave may be for- 
mulated in terms of the Stokes parameters 
for the incident wave and for the antenna. It 
has been shown’? that the formulation based 
on the Stokes vector is also valid for an inci- 
dent wave which is partially polarized. This 
is due to the fact that the Stokes parameters 
for a mixture of independent radio waves are 
the sum of the respective Stokes parameters 
of the separate waves. 

A partially polarized wave may be con- 
sidered as a mixture of a randomly polarized 
wave and an elliptically polarized wave in- 
dependent of the former. Let d represent the 
degree of polarization which is the ratio of 
the power flux of the polarized part to the 
total power flux P. We can then write the 
Stokes vector for the partially polarized 
incident wave as 


Plo] = (6) 


So it 
Plxl=P| |=Q-oOP 
So 0 
53 ‘0 
d 
| (ay?) — (a2?) | 
+P 


(2a,a2 cos (a2 — oe (8) 


(2a:a2 sin (a2 — a1)) 


The Stokes vector for the antenna may 
be defined by 


1 
(b12 — by?) | 
“!2b1b2 cos (81 — Ba) | 
2bib2 sin (8: — Be) 


A.|si'| = A (9) 


8 G. A. Deschamps, “Geometrical representation of 
the polarization of a plane electromagnetic wave,” 
Proc, IRE, vol. 39, pp, 540-544; May, 1951. 
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It can be shown’ that 


An 3 
W = 34.P[si'][s:] = $4-P LD si’si, (10) 
i=0 
where [s;’] is the transpose of the matrix 
[sz’]. 
Thus, either (5) or (9) may be used as a 
concise definition of the antenna effective 
aperture. The use of the statistical matrix 
and the Stokes vector for the antenna also 
fits in very well with the formalism of the 
modern theory of optics*:® and the quantum 
theoretical treatment of the polarization of 
photons and electrons.° 

The author wishes to thank Prof. C. T. Tai 

for stimulating discussions. 
H. CoKo 
Radio Observatory 
Dept. of Elec. Engrg. 
The Ohio State University 
Columbus, Ohio 


9G. B. Parrent and P. Roman, “On the matrix 
formulation of the theory of partial polarization in 
terms of observables,” Nuovo Cimento, vol. 15, ser. 10, 
pp. 370-380; February 1, 1960. 


Backward-Wave Radiation from an 
Equiangular Spiral Antenna* 


In a recent article, Mayes, et al.,! sug- 
gested the concept of backward waves as an 
explanation of log periodic antenna be- 
havior. This note applies this concept to 
Dyson’s?»? equiangular spiral antennas and 
shows that it does indeed offer an explana- 
tion that agrees with reported experimental 
results. 

First consider the bidirectional equiangu- 
lar spiral antenna? with equal beams radi- 
ated from the front and back of the plane 
structure. The spiral is a periodic structure 
which supports space harmonics of phase 
constant 


2nr 


Br 00 > (1) 
a 


where 8 represents the fundamental wave 
and a the period of the structure measured 
in the radial direction. Let the fundamental 
wave travel along the spiral arms in a regu- 
lar transmission-line mode with a phase 
velocity v. 

If the first backward wave (7 = —1) is to 
propagate in directions perpendicular to the 
spiral plane, then its relative phase shift 
along the periodic structure must be zero. 


* Received by the PGAP, July 8, 1961. 
1P, E. Mayes, e¢ al., “Backward- -wave radiation 
from periodic structures and application to the design 
of frequency independent antennas,” Proc, IRE 
(Correspondence), vol. 49, pp. 962 963; May, 1961. 
Dyson, “The equiangular spiral antenna,” 
IRE TRANS. ON ANTENNAS AND PROPAGATION, vol. 
Aiea pp. 181-187; April, 1959, 
Safe Dy Dyson,. “The unidirectional equiangular 
spiral antenna,” IRE Trans. on ANTENNAS AND 
PROPAGATION, vol. AP-7, pp. 329-334; October, 1959, 
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That is 
p=r=0; (2) 
thus 
Qr 
0=B-— 
or 
Boa = 2r. (3) 


This means that the fundamental wave 
changes phase by 27 radians in going one 
period along the structure. But one period 
is also one turn, hence, for the first backward 
wave to radiate broadside, the spiral arm 
should be about one wavelength long. In 
this radiation region the backward wave 
radiates, resulting in a large attenuation in 
the fundamental wave. Dyson? found the 
low-frequency cutoff to occur when the arm 
length was in the neighborhood of one wave- 
length. Thus it appears that radiation could 
be indeed from the first backward wave. The 
spirals used by Dyson were less than two 
turns, producing a very rapid change of the 
structure per unit wavelength. For these 
spirals the active radiation region is prob- 
ably small and not too symmetrical, produc- 
ing the variation in pattern as a function of 
the polar angle as recorded by Dyson. He 
also stated that tighter-spiraled antennas 
have more uniform patterns. This is to be 
expected since the tighter spiral reduces the 
rate of change of the periodic structure and 
thus increases the active radiation region. 

The unidirectional spiral antenna® offers 
an even more interesting comparison. Again 
let the fundamental wave travel along the 
conical spiral with a relative phase velocity 
v. For regular end fire propagation in a di- 
rection toward the cone apex, the backward 
wave must have a relative phase shift along 
the periodic structure just equal to that of a 
free-space wave, that is 


|e.| = |e]. 


The phase constants of the fundamental and 
first backward-wave are related as follows: 


Boa — ar = Bia = — ka (4) 


where the minus sign merely indicates that 
the backward-wave phase constant is nega- 
tive compared to a positive value for the 
fundamental wave. Reference to Fig. 1 
shows that 


Boa ar BL, (5) 
where 
6 =k(c/v) phase constant along the wire, 
L=length of 1 turn 
a=L cos a=periodic spacing, 
aD=L sin w=average circumference. 


Fig. 1—Conical antenna. 
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~ *. 
Substitution of (5) into (4) shows that radia- 
tion occurs when 


~ sin 1 


As an example, let c/v=1.0 and a=73°, 
then (6) gives D~0.24 \. Thus, for a given 
frequency, the fundamental wave travels 
from the feed point away from the apex until 
the cone diameter reaches 0.24 i. At this 
point the backward wave radiates and thus 
extracts energy from the fundamental wave. 
On a triangular-tooth log periodic antenna* 
the fundamental wave is attenuated some 
20 db in a distance, measured along the axis, 
of 0.3 to 0.4 of a wavelength. For the ex- 
amples given by Dyson,’ the active region 
appears to be about the same length. The 
active region starts when D~0.25 \ and 
terminates when D reaches 0.3 to 0.35 X. 
Thus, as the frequency is decreased, this 
active region moves away from the apex to- 
ward the base. When the base diameter ap- 
proaches 0.3 to 0.35 , the lowest cutoff 
frequency is reached. In a similar manner, 
an apex diameter of about 0.24 » represents 
the upper cutoff frequency. - 

R. A. HESSEMER, JR. 
University of Arizona 
Tucson, Ariz. 


4R.L. Bell, et al., “Near-field measurements on a 
logarithmically periodic antenna,” IRE TRANS. ON 
ANTENNAS AND PROPAGATION, vol. AP-8, pp. 559-567; 
November, 1960. 


Reflection of a TE Wave from an 
Inverse Parabolic Ionization 
Density* 


The presence of shock-induced ionization 
of the atmosphere in the vicinity of high- 
speed bodies has motivated the solution of 
Maxwell’s equations for the propagation of 
a plane wave in media in which the complex 
index of refraction varies with the depth. 
(Such solutions are also of interest in iono- 
spheric propagation studies.) For most pur- 
poses, the quantity of primary interest is 
the complex reflection coefficient R. In the 
present note, we shall determine the reflec- 
tion coefficient for an electron density which 
varies as g*. This variation is intended to 
represent in the right half plane an electron 
density which increases monotonically from 
zero at some positive gz, rising to a large (but 
finite) value at s=0, and terminated in a 
metallic wall at the origin. 

We consider an electrically neutral me- 
dium in which the electron density varies as 
z*. The index of refraction in the medium 
is taken to be 


= [1 — ye], (t) 


* Received by the PGAP, July 29, 1961. This work 
was supported by Air Force Contract 30(602)-1968. 
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e 
where 3 


vy = [1 — ta/w]. 


(2) 


Here w is the frequency of the incident elec- 


tromagnetic wave and », is the effective 
electron-collision frequency. The negative 
sign appears in (2) by virtue of the choice 
of the positive exponential for the time de- 
pendence of the field. Eq. (1) may be con- 
sidered to be the result of choosing a coor- 
dinate scale such that the critical density 
level is reached at s=1. Assuming a TE 
wave incident from + © in the yz-plane, it 
may be shown from Maxwell’s equations! 


that 


\ 


E,(y, z, t) a u(z) exp li(o sin 0;-¥ + wf)], (3) 
where ky =w/c and 
du 
— + ko?[n2(z) — sin? 6; |u = 0. 
dz? 
In these expressions, 6; is the angle of inci- 
dence. Eq. (3) is the result of a separation of 
variables; the form of the y-dependence is an 
expression of the generalized Snell’s Law, 
k sin @=const. Combining (1) and (4) we 
obtain 


(4) 


St@ abi yu=0, 6) 
where 
B = ko cos Gj. (6) 
It is convenient to define 
PP=hty th (7) 
Then (5) may be written as 
= ).-0 © 


Eq. (8) reduces to a standard form of the 
Bessel equation when 21/x(z) is substituted 
for the dependent variable. Thus 


u = Azl!2Jp(Bz) + Bz!*J_p(82z), (9) 


where P is taken as the positive root of (7), 
and is complex. Despite the novelty of the 
complex order, the usual expansions? for the 
Bessel functions are still valid. Therefore, 


2 (=1)7(8s/2)"? 


= ee 10) 
J-r(6) = 2 G41 —P) ( 
As g approaches zero, 

gll2J_p(Bz) ~ 2t/-P, (11) 


Since from (7) Re {P}>3, the magnitude 
of this term diverges as z approaches zero 
and we must-take B=0 in (9). Thus 


u = Azi/2J p(Gz). (12) 


The asymptotic expansions of the Bessel 


functions are valid for complex orders, so 
that at large z the wave function may be 
written,as 


u~ A(2/mB)¥2 cos [62 — rP/2 — 7/4]. (13) 


1M. Born and E. Wolf, “The Principles of Optics,” 
Pergamon Press, Inc., New York, N. Y., pp. 50-54; 
eG. N. Watson, “Theory of Bessel Functions,” 
Cambridge University Press, Cambridge, Eng., 2nd 
ed., p. 199; 1952. 
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Expanding, 
u~ A(2/r8)}!2[cos (Pr/2 + 2/4) sin Bz 
+ sin (Pr/2 + 1/4) cos Bz]. 


However, for large z, the wave function con- 
sists of a unit wave to the left plus a re- 
flected wave to the right: 


(14) 


Um eiBz + Re ibz 


= (1+ R) cos6z + 7(1 — R) sinBz. (15) 


Equating coefficients and eliminating A, we 
find 


R = [1 +itan (Px/2 + 7/4)| 
/[1 —itan (Pr/2 + 7/4)]. (16) 
Whence 


|R| =[1—tanhy]/[1+tanhy], (17) 
where 
W = (1/2) Im { [Roy + 4]/2}. (18) 


In Fig. 1 we plot the magnitude of the power 
reflection coefficient vs y. 

In general, computation of the field am- 
plitude requires knowledge of the Bessel 
functions of complex order, but in the loss- 
less case P is real, and we find (neglecting 
the phase factor) the formula 


u(z) = (2mz cos 6;)1/2(P? — 5)1/4 


-Jp{ [P? — 4]!/2zcos0;}. (19) 


In Fig. 2, we plot this function, which repre- 
sents the (half) envelope of the standing- 
wave pattern for various P and normal inci- 
dence. We observe that the amplitude is not 
zero at z=1 (contrary to a common sup- 
position that the critical density level acts 
as a perfect reflector), and that the ampli- 
tudes actually increase slightly as z=1 is 
approached. This last may be understood 
upon recalling that as the electron density 
increases, the index of refraction and the 
dielectric constant decrease. As a result, the 


IRI 


= 
= 


(Secs 


Fig, 2—Wave pattern half-envelopes. 
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impedance of the medium increases with a 
consequent increase in wave amplitude in a 
lossless medium. 

It appears that severe mathematical 
difficulties prevent a general extension of 
the method used here. The source of this 
difficulty is that even though the appropri- 
ate asymptotic forms for u(z) may be simply 
obtained for densities proportional to 2, 
N>1 at large z, there is no general pro- 
cedure to determine the “circuit relations” 
between these solutions and the asymptotic 
solutions at small z. They are known only 
in certain special cases (such as the one 
considered here). 

LEONARD S. TAYLOR 
Sciences Lab. 
General Electric Co. 
Valley Forge, Pa. 


Dual Operation with the Two-Wire 
Spiral Antenna* 


Two circuits consisting of identical com- 
ponents—a single two-wire Archimedean 
spiral antenna connected by two equal 
lengths of coaxial cable to a ring network— 
are described, which permit simultaneous 
operation with two independent signals from 
a single antenna structure. The two circuits 
differ only in the spiral configuration. The 
first circuit allows selection of either the 
first or second mode of radiation, and the 
second circuit allows selection of either sense 
of circular polarization in the first mode. 

It has been shown! that when the input 
terminals of a two-wire Archimedean spiral 
antenna are excited anti-phase, currents on 
adjacent filaments become in-phase at the 
one-wavelength circumference, where radia- 
tion occurs most strongly. This has been 
defined as the first mode of radiation. Simi- 
larly, when the input terminals are excited 
in-phase, currents on adjacent filaments be- 
come anti-phase at the one-wavelength cir- 
cumference but in-phase again at the two- 
wavelength circumference, where radiation 
is maximum. The latter case has been de- 
fined as the second mode of radiation. 

A spiral-antenna mode-selector circuit 
which allows selection of either mode of radi- 
tion is shown in an exploded view in Fig. 1. 
The center conductors of two coaxial lines 
connect the input terminals of the spiral 
antenna to terminals 2 and 4 of the ring 
network. The outer conductors of the coaxial 
cable connect the microstrip ground plane 
(metal plate) to the ground plane of the ring 
network, The size of the microstrip ground 
plane sets the high-frequency limit of opera- 
tion. Minimum outer circumference of the 
spiral is two wavelengths at the lowest fre- 
quency, 7.e., diameter >2)r/x. For equal 
lengths of coaxial cable, terminal 1 of the 
ring network excites anti-phase currents at 


* Received by the PGAP, August 1, 1961. 

1J, A. Kaiser, “The Archimedean two-wire spiral 
antenna,” IRE TRANS. ON ANTENNAS AND PROPAGA- 
TION, vol. AP-8, pp. 312-323; May, 1960. 
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the spiral input, giving rise to radiation in 
the first mode. On the other hand, terminal 3 
of the ring network excites in-phase cur- 
rents at the spiral input, resulting in radia- 
tion in the second mode. Donnellan? has 
shown radiation patterns for the second mode. 
The two modes of radiation are inherently 
isolated from each other due to the current 
phase relationships. This isolation generally 
exceeds 20 db in practice. 

The second circuit allows generation of 
either sense of circular polarization from a 
single spiral antenna. It differs from the 
previously described circuit only in that the 
spiral diameter is approximately # A, and 
the over-all filament lengths differ by \/4. 
This is accomplished by removing a quarter 
wavelength of one filament at its outer ex- 
tremity. (See Fig. 2.) Currents excited at the 
input terminals in-phase reach the end termi- 
nals of the spiral practically undiminished 
in amplitude since they pass through the 
one-wavelength region in an anti-phase con- 
dition. Because the filament lengths differ 
by 4/4, the reflected current on one filament 
travels a distance of \/2 less (two-way 
travel) than the reflected current on the 
other filament. The reflected currents reach 
the one-wavelenth circumference of the 
spiral in-phase, whence radiation occurs. The 
sense of this radiation is opposite to that ob- 


2 J, R. Donnellan, “Second-mode operation of the 
spiral antenna,” IRE Trans. ON ANTENNAS AND 
~ PROPAGATION (Communication), vol. AP-8, p. 637; 
November, 1960. 
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Fig. 1—Spiral mode-selector circuit 
(exploded view). 


COAX LINE(2) 
DIELECTRIC 
PLATE 


Fig. 2—Spiral sense-selector circuit 
(exploded view). 


tained when exciting the input terminals 
with anti-phase currents. Thus one sense of 
circular polarization is generated when ex- 
citing the input terminals anti-phase, and 
the opposite sense of circular polarization is 
obtained when exciting the input terminals 
in-phase. Radiation of both senses of circular 


November 


polarization occurs from the same region of 
the spiral, which indicates that the radiation 


patterns should be identical except for the — 


sense of rotation. Frequency range of the 
polarization sense-selector circuit is limited 
by the \/4 filament length difference. 

A 12-turn spiral of a 5-in diameter printed 
on one side of a 3y-in thick teflon-fiberglass 
dielectric was tested over the frequency range 
of 850 Mc to 1200 Mc. A 21-in diameter 
copper plate to serve as a microstrip ground 
plane was centered on the opposite side of 
the dielectric plate. The inner four turns of 
the spiral and approximately 2% in of one 
filament at its outer extremity were re- 
moved. Two equal lengths of RG-223/U co- 
axial cable connected the spiral inner ter- 
minals to a ring network designed for 1 Ge. 
The antenna was placed 3} in over a 30 
in X30 in ground plane for measurement. 

The VSWR looking into either terminal 
1 or 3 of the ring network was below 2.0 over 
the measured frequency band from 850 Mc 
to 1200 Mc. Isolation between terminals 1 
and 3 was 12 db or greater, reaching a maxi- 
mum of 30 db at 1000 Mc. The axial ratio 
for both senses of circular polarization was 
generally below 2.5 db. With a linearly- 
polarized transmitting antenna, the differ- 
ence in signal level between terminals 1 and 
3 was 3 db or lower at frequencies up to 
1175 Mc, with the signal from terminal 1 
always greater than that from terminal 3. 

J. A. KAIsER 
Diamond Ordnance Fuze Lab. 
Washington, D. C. 
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University of Washington, and Consultant 
in microwave antennas and propagation to 
the Boeing Company, Seattle. 

Dr. Ishimaru isa member of Sigma Xi. 
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Richard Kieburtz (S'53-M’61) was born 
in Spokane, Wash., on November 28, 1933. 
He received the degrees of B.S.E.E. in 1955, 
M.S.E.E. in 1957, 
and Ph.D. in 19061, 
from the University 
of Washington, 
Seattle. 

From January, 
1957 until Decem- 
ber, 1960 he held the 
position of Acting In- 
structor in the De- 
partment of Electri- 
cal Engineering at 

R. KIEBURTZ the University of 

Washington. He did 
research on antennas and electromagnetic 
diffraction and scattering in the Microwave 
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Antenna Laboratory there. In February, 
1961 he joined the faculty of New York Uni- 
versity, New York, N. Y., where he is now 
Assistant Professor of electrical engineering. 

Dr. Kieburtz is a member of Tau Beta 
Pi and Sigma Xi. 
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Charles M. Knop (M’60) was born in 
Chicago, Il. on February 18, 1931. He re- 
ceived the B.S.E.E. and M.S.E.E. degrees 
from the Illinois In- 
stitute of Technology, 
Chicago, Ill., in 1954 
and 1960, respec- 
tively. He is presently 
completing the re- 
quirements for the 
Ph.D.E.E. degree at 
the Institute. 

He was with the 
Hughes Research and 
Development Labo- 
ratories of Culver 
Gity,, | Calif) trom 
1954 to 1955. From 1955 to 1956 he was a 
Research Assistant at Princeton University, 
Princeton, N. J. From 1956 to 1960 he was 
with the Armour Research Foundation of 
Chicago, Ill. From 1960 to 1961 he was with 
the Bendix Systems Division Research Lab- 
oratory of Chicago, Ill. In May, 1961 he 
joined the Research and Development De- 
partment of The Hallicrafters Company, 
also in Chicago. His main work has been re- 
search and development in the fields of 
microwaves, antennas, and electro magnetic 
wave propagation. 

Mr. Knop is a member of Sigma Xi, Tau 
Beta Pi, and Eta Kappa Nu. 


C. M. Knop 


Hans H. Kuehl (M’60) was born in De- 
troit, Mich., on March 16, 1933. He received 
the B.S.E. degree in electrical engineering in 
1955 from Princeton 
University, Prince- 
ton, N. J., and the 
M.S. and Ph.D. de- 
grees in electrical en- 
gineering from the 
California Institute 
of Technology, Pasa- 
dena, in 1956 and 
1959, _ respectively. 

He was a member 
of the technical staff 
of the Research Lab- 
oratories of the 
Hughes Aircraft Company, Culver City, 
Calif., from 1958 to 1959. From 1959 to 
1960, he was a research fellow at the Cali- 
fornia Institute of Technology, where he 
was engaged in the study of radiation in 
anisotropic plasma. In September, 1960, he 
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joined the faculty of the University of 
Southern California, Los Angeles, where he 
is now an Assistant Professor of electrical] 
engineering. 

Dr. Kuehl isa member of Eta Kappa Nu, 
Phi Beta Kappa, Sigma Xi, Tau Beta Pi, 
and the American Physical Society. 
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William H. Peake (M’57) was born in 
Binghamton, N. Y., on June 10, 1926. He 
received the B.S. degree from the Massa- 
chusetts Institute of 
Technology, Cam- 
bridge, in 1946, and 
the Ph.D. degree in 
physics from The 
Ohio State Univer- 
sity, Columbus, in 
1959. 

After service in 
the U. S. Air Force, 
he was employed as 
Research Assistant 
at the Ordnance Re- 
search Laboratory 
of the Pennsylvania State University, Uni- 
versity Park, and from 1951 to 1952, he was 
a physicist at the Naval Ordnance Labora- 
tory, Silver Spring, Md. In 1952, he joined 
the Antenna Laboratory of The Ohio State 
University, as a Research Assistant, where 
he was engaged in studies of the effects of 
turbulence on antenna design and the scat- 
tering properties on nonuniform surfaces; in 
1959, he became Assistant Professor of elec- 
trical engineering at that university. 

Dr. Peake is a member of Sigma Xi. 
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Martin A. Plonus (M’55) was born in 
Trumpininken, Lithuania, on December 21, 
1933. He holds three degrees in electrical 
engineering; he re- 
ceived the B.S. and 
M.S. degrees from 
the University of 
Illinois, Urbana, in 
1956 and 1957, re- 
spectively, and the 
Ph.D. degree from 
the University of 
Michigan, Ann 
a Arbor, in 1961. From 
1957 ton L961, Dr 
Plonus was an As- 
sistant Research En- 
gineer at the Radiation Laboratory of the 
University of Michigan. He joined the fac- 
ulty of Northwestern University, Evanston, 


M. A. PLonus 
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Ill, this fall as an Assistant Professor. His 
principal research interests are in diffrac- 
tion and antenna theory. 

Dr. Plonus is a member of Sigma Xi, 
Sigma Tau and Eta Kappa Nu. 
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J. H. Richmond (S’49-M’56-SM’59), 
for a photograph and a biography please see 
page 420 of the July, 1961, issue of these 
TRANSACTIONS. 
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V. H. Rumsey (SM’50-F’60), for a 
photograph and biography, please see page 
504 of the September, 1961, issue of these 
TRANSACTIONS. 
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William M. Sherrill (M’60) was born in 
San Antonio, Tex., on February 23, 1936. 
He received the B.A. degree in mathematics 
and the B.S. degree 
in physics from the 
University of Texas, 
Austin, in 1957, and 
the M.A. degree in 
physics. from Rice 
Institute, Houston, 
Tex., in 1959. 

Since 1959, he has 
been employed as Re- 
search Engineer in the 
department of elec- 
tronics and electrical 
engineering at South- 
west Research Institute, San Antonio, Tex., 
where he has been engaged in radio direction 
finding research. 

Mr. Sherrill is a member of Phi Beta 
Kappa. 
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Douglas N. Travers (A’52—M’57) was 
born in San Antonio, Tex., on June 27, 1928. 
He received the B.E. degree in electrical en- 
gineering from The 
Johns Hopkins Uni- 
versity, Baltimore, 
Md., in 1951. 

Since 1956, he has 
been a Senior Re- 
search Engineer in 
the department of 
electronics and elec- 
trical engineering at 
Southwest Research 
Institute, San An- 
tonio, Tex., where he 


D. N. TRAVERS 


November 


has been actively engaged in research on ra- 
dio direction finding systems. He has de- 


voted special attention to the application of 


multiloop antennas to radio direction find- 
ings. ; a, 
Mr. Travers is a member of the Scientific 
Research Society of America. 
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Jean G. Van Bladel (M'54-SM’56) was 
born in Antwerp, Belgium on July 24, 1922. 
He holds the degree of Electrical Engineer 
from Brussels Uni- 
versity, Belgium, 
which he received in 
1947. He obtained the 
Ph.D. degree in elec- 
trical engineering at 
the University of 
Wisconsin, Madison, 
in 1950. 


the Radar Depart- 
ment at the M.B. 
L.E. Factories, Brus- 
sels from 1950 to 
1954 and he was Associate Professor of elec- 
trical engineering at Washington University, 
St. Louis, Mo., from 1954 to 1956. Since 
1956, he has been at the University of Wis- 
consin where he is now Professor of electrical 
engineering. He is also a consultant with the 
M.U.R.A. Accelerator Project in Madison. 

Mr. Van Bladel-is a member of Sigma Xi 
and Eta Kappa Nu. 
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William J. Welch (S’56—M’57) was born 
in West Chester, Pa., on January 17, 1934. 
He attended Oberlin College, Oberlin, Ohio, 
and received the B.S. 
degree in physics 
from Stanford Uni- 
versity, Stanford, 
Calif., in 1955, and 
the Ph.D. degree in 
engineering science 
from the University 
of California, Berke- 
ley, in 1960. 

He is currently 
Assistant Professor 
of electrical engineer- 
ing at the University 
of California, Berkeley, and is presently as- 
sociated with a milimeter-wave radio- 
astronomy project. His interests include an- 
tennas, electromagnetic theory and radio 
astronomy. 

Dr. Welch is a member of Sigma Xi. 
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Research, Development and Manufacture—Antenna and Microwave Technology 
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FXR, Inc., 25-26 50th St., Woodside 77, N. Y. 
Precision Microwave Test Equip., High Power Microwave Electronics, Microwave Components & Instrumentatio 


JANSKY & BAILEY, A Div. of Atlantic Research Corp., Shirley Highway & Edsall Rd., Alexandria, Va. 
Complete Engineering Services for Antennas and Propagation Programs 


SCIENTIFIC-ATLANTA, INC., 2162 Piedmont Rd., N.E., Atlanta 9, Ga. : 
Antenna Pattern Ranges, R & D, RF Components, Telemetry Tracking Systems, Fourier Computer & Computati 


TECHNICAL APPLIANCE CORP., 1 Taco St., Sherburne, N. Y. 
Des., Dev., & Mfg.: Antennas & Antenna Systems for Communications, Telemetry, & Tracking 


WHEELER LABORATORIES, INC., Great Neck, N. Y.; Antenna Lab., Smithtown, N. Y. 
Consulting Services, Research and Development, Microwave Antennas and Waveguide Components 


WEINSCHEL ENGINEERING COMPANY, INC., Kensington, Md. ae 
Antenna Pattern Receivers; Bolometer Amplifiers; Microwave Sources; Insertion Loss Measuring Systems — 


The charge for Institutional Listing is $50 for one issue or $200 for six consecutive 
issues (one year). Application may be made to the Professional Groups Secre- 
tary, The Institute of Radio Engineers, Inc., 1 East 79 Street, New York 21, N. Y. 


